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Abstract

We obtain dimension-free concentration inequalities for LP norms, p > 2, of in-
finitely divisible random vectors with independent coordinates. The methods and
results extend to some other classes of Lipschitz functions.

1 Introduction

Talagrand [T] proved in 1991 an isoperimetric inequality for the product measure u¢ where
1 is the symmetric exponential measure (i.e. (e~1*//2)dx on the real line). This inequality
was the first one to mix two different norms (L' and L?) improving some aspects of Gaussian

isoperimetry. Rewriting this inequality for Lipschitz functions we get that:

Theorem 1 (Talagrand) Let X be a random vector of R? with i.i.d. symmetric exponential

components. Let f be a real valued function on R? with median 0, such that

Ja, B> 0,Yz,y € RY [f(2) — f(y)] < min(allz - yl2, Bllz — yll)-

Then there exists a universal constant K such that
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P (f(X) > avu+ pu) <




What is remarkable here, is that this concentration formula is dimension free. For instance,
if we apply this result to the euclidean norm, we remark that « = # = 1 and that the only
dependence in the dimension d is through the median itself. This result of Talagrand, which
clearly continues to hold for Lipschitz images of the exponential measure, actually holds for
any law u satisfying a Poincaré inequality (see [BL1]).

We would like here to extend this result to infinitely divisible variables for which expo-
nential variables are a particular example. Let X ~ ID(v,0,v) be an infinitely divisible (ID)
vector (without Gaussian component) in R?, and with characteristic function ¢(t) = Ee*®X)

t € R? (throughout, (-,-) denotes the Euclidean inner product in R?, while || - || is the corre-

sponding Euclidean norm). As well known,

©(t) = exp {i(t,w + /Rd(ei@’“> —-1- i(t,u>1u<1)y(du)} , (1.1)

where v € R? and where v # 0 (the Lévy measure) is a positive Borel measure on R,
without atom at the origin and such that [o,(1 A [Jul|*)v(du) < +oc.
As also well known, X has independent components if and only if v is supported on the

axes of RY, i.e.,

B

v(dey, ..., dxg) = do(dzy) - -+ do(dxp—1) Dk (dzg)do(dxgrr) - - - Oo(dg). (1.2)

k=1
Moreover, the independent components of X have the same law if and only if the one
dimensional Lévy measures 7, are the same measure denoted by .

Some work (see [H]) has already been done for general Lipschitz functions and general
ID vectors but some of these results are not dimension free for vectors with iid components.
One may even think, in analogy with the results of ....... (ref a mettre cf truc envoye
par christian), that such dimension free results do not exist for every Lipschitz functions.

Here we focus first on the particular example of the euclidean norm. Even if we do get
dimension free results, the next three results are not as general as we could hope for, even

in the case of the euclidean norm of ID vector with i.i.d. components.

Theorem 2 Let X ~ ID(v,0,v) have i.i.d. components and be such that Ee!lXl < +o00, for



somet > 0. Let M = sup{t > 0 : Ee!™1| < +o00}. Let £ > 0. Then, for all 0 < x < h(M™)
P(IX > (14 E|X| +2) < e W00, (13)
where the (dimension free) function h is given by
h(t) = S/R (e — 1)i(du) + IET||X|| / (et — 1)5(du).
This leads to q first corollary which is a dimension free extension of the results of [H, R].
Corollary 1 Let v have bounded support with R = inf{p : (|| > p) = 0}, then

B[R] < o,

for all X such that \V?/R?* < 1/e, where V? = 8 [, |u]*v(du).
R

Theorem 2 has still some weak dimension dependency, through the term ¢E|| X || (the expec-
tation and the median playing the same role up to some constant). In particular, it does not
precisely recover Talagrand’s result even for the euclidean norm. Here is another possible

result.
Theorem 3 With the notation of Theorem 2, let also | = —log E[e‘Xlz]. Let for all0 <t <

ht) = 22 / ] (" — 1)5(du) and

mw:@ L2 log(2 )/\uwlu| V() + 7 [ P = Do)

Let T be such that for allt < T, tg(t) < 1/2. Then for all positive z,
P(|X]| > E|X| + &) < e~ Posesrlie=fo 20()ds], (1.4)

This result does recover Talagrand’s inequality for the Euclidean norm (up to the value of
the constants). Indeed, it is sufficient to take t = x for x < T and t = T otherwise. However,
the improvement in x log x obtained in the proof of Corollary 1 for Poisson random variables

(and, more generally, ID variables with boundedly supported Lévy measure) disappears.



Our last result recovers Talagrand’s inequality and Corollary 1 for Poisson random vari-
ables, but requires some technical assumptions on the random variables themselves.
Recall that X can be viewed as Xj, the value at time 1 of a Lévy process (X, t > 0).

For every t € [0, 1], write
X=Y+2 (1.5)

where Y, = Xy, Z; = X; — X}, so that Y, Z;, are independent. If 1 < k < d, we write
(Ye)t, (Zk); for the k-th coordinate of Y;, Z;.

Theorem 4 Let X be as in Theorem 2. Then for all positive x,
P(| X — E[[X]| > z) < exp (—/ h_l(S)dS) , (1.6)
0
where the (dimension free) function h is given by

B V2|u|
o =01 [ ( o

and the moments My, my are defined as follows:

2
my u _
) + 4@ lul (el — 1) (du),

e if X has almost surely positive coordinates, we can take m, = m,; = E[(X1)]] for

q=2,4.
e otherwise, we take

o = inf [Inf{E[(Y1): + (Z1)e[* 1z 50,00)20)s E[ (Y1) + (Z1)*1(z1)0<0,01)e<0) }]

-  t€[0,1]

my = Sl[lp} [sup{E[|(Y1): + (Z1)e]*1(z0),50,01)20], E[(Y1)e + (Z1)e[*L(21)0<0,01)e<0) }]
tefo,1

The drawback of this result is that it gives a trivial bound if my; = 0. For instance, if
the coordinates of X are not positive almost surely, but if X; has positive coordinates with
probability tending to 1 as ¢ — 0, then m,, = 0. However, in most “natural” situations where
ID random variables occur (this is the case, for instance, when X is symmetric), my > 0,
and Theorem 4 gives a nontrivial dimension-free bound.

In fact, we obtain a generalization of Theorem 4 to general LP norms for 2 < p < oo, see
Theorem 5 in the last section.

blabla sur le plan on mettra apres



2 The covariance formula and its first applications
The result at the root of every proof in this paper is the following one.

Proposition 1 Let X = (Xy,...,Xy4) ~ ID(~,0,v) have independent components and be
such that Eel™Il < oo, for somet > 0. Let f : R? — R be such that Ef(X) = 0, and let
there exist by € R, k =1,...,d, such that |f(x +uey) — f(z)] < bplul, for allu € R, x € RY,
Let M = sup{t >0:Vk=1,...,d EeXl < —l—oo}. Then for all 0 <t < M,

d thplu| _
st < E, LZ [ = FOPHIV + uer) = f<V>|2etf<v>(e" . 1) ak<du>] &,
=1

br.|ul

where the expectation I, is with respect to the ID vector, (U, V) in R*? of parameter (v, )

and with Lévy measure zvy + (1 — 2)vp, 0 < z < 1. The measure vy is given by
vo(du, dv) = v(du)do(dv) + do(du)v(dv),u,v € R,
while v, 15 the measure v supported on the main diagonal of R??.

An important feature of this proposition is the fact that the first marginal of (U, V) is
X and so is its second marginal.

So in fact a main problem in estimating the right-hand side of the inequality in Propo-
sition 1 will be to uncouple U and V, i.e. to split the product |f(U + ue;) — f(U)[?e/V)

without changing the term e/("). To do so, a first attempt could be to use a supremum.

Corollary 2 Let X = (X1,...,Xy) ~ ID(v,0,v) have independent components and be such
that B < 400, for somet > 0. Let f : R* — R, and let there exist by € R, k=1,....d,
such that |f(x + uey) — f(z)] < bplul, for allu € R, x € RY. Let

d

hy(t) = sup 3 / @+ uew) — F(2)P

d
TERT p=1

etbk\u\ -1 p \
 rmar 0<t<
bk|u| Vk( u)? — )

where M =sup {t >0:V k=1,...,d Ee™X < 400}, Then
P(f(X) ~Ef(X) > z) < e Jo s () (2.1)

forall0 <z < h;l(M_).



Proof.[Proposition 1 and Corollary 2]verifier qu’on abien toutes les hypothese dans
ces deux resultats Below, and throughout, by f Lipschitz with constant a we mean that

|f(x) — f(y)| < allz — y||, for all z,y € R? (the Lipschitz convention stated in [H] also

applies). Let us start by recalling the following simple lemma which will be crucial to our

approach [HPAS].

Lemma 1 Let X ~ ID(v,0,v) be such that E||X||?> < +o00. Let f,g:R? — R be Lipschitz

functions. Then,
Ef(X)g(X) - Ef(X)Eg(X)
- / E. [ / (U + ) = FO)((V + ) —g<v>>u<du>] o (22)
where K, 1s as in Proposition 1
Then we follow [H]. First, by independence,
C={t>0:Vk=1,...,dE" < to0}

:{t>O:Vk:1,...,d,/ etb’“|“|17k(du)<+oo}.
Ju|>1

Next, we apply the covariance representation (2.2) to f satisfying the above hypotheses and

moreover assumed to be bounded and such that Ef = 0. Thus,

1 d
Efetf _ /O E, ctF(V) Z /R(f(U + uey) — f(U))(et(f(V—i-uek)—f(V)) — 1),}k(du)] dz
k=1

< /IE -etf(v)i/ |f(U + ue) — fO)|]f(V 4 ue )—f(V)]%g (du)| dz
“hl Sk ' ¢ bea] ¥
' | a 2 2 / thi|u
LF(V) (U +uep) — FIO) 24| F(V +ue) — (V)] (e N |_1> )
S/O E. _e |4 ;/R . bl oy (du)| dz,

which gives Proposition 1. For Corollary 2, we continue:
Efe' < hy(t)E [¢"],

where we have used the “marginal property” mentioned above and since hs(t) is well defined

for 0 <t < M. Integrating this last inequality, applied to f — Ef, leads to

Ee!V-EN < elohs@ds 0 < ¢ < M, (2.3)
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for all f bounded satisfying the hypotheses of the theorem. Fatou’s lemma allows to remove

the boundedness assumption in (2.3).
To obtain the tail inequality (2.1), the Bienaymé-Chebyshev inequality gives
P(f(X)—Ef(X)>z) <exp (— sup (tx - /t hf(s)ds>) — o Jo hy'(s)ds
0<t<M 0

by standard arguments, e.g., see [H]. |

In general, this corollary does not provide dimension free results, even if it can improve
a bit the results in [H] (we refer the reader to [HR], superseeded by the present paper, on
applications of Theorem 1). For particular functions, the above formula can in fact be quite
efficient. As a consequence of the previous corollary, we present some almost dimension free
results. These results recover, in the case of the euclidean norm, Theorem 2 for a vector

with i.i.d. components.

Corollary 3 Let X ~ ID(v,0,v) have independent components and be such that EetlXI <
+o00, for some t > 0. Let M = sup{t > 0 :V k = 1,...,d, Ee™| < 4o0}. Let S
be a subspace of R and Ilg the orthogonal projection on S. Let E > 0. Then, for all
0<z<h(M)

P(|Ts(X)[| > BTs(X)[| + E +a) < e fo "%, (2.4)

and

P(|TsX || < E[Ms(X)| = B — ) < e Jom ()%, (2.5)

where the function h is given by

h(t) = 8 maX/R]uK e _ 1) (du) +—Z||H5 (cx |y4/ (e — 1) (du).

1<k<d

Proof. We apply Corollary 2 to f(z) = (||IIs(z)|| — E)*. First, it is easily verified that for
each k, |f(z +uex) — f ()] < [|[Ms(x + uek)|| — [[Ms(2) [} La,, where Ap = {[|TLs(z +uer)|| =
E or |[IIs(z)|| > E}. We then have
[2(ulls(ex) s (2)) + u?||TLs(ex)[*[ 14,

Mg (2 + e[| + [[TLs ()

2ful|{TLs (ex)|Ws(2))] | w?|Ts(en)|
B Mg ()] E

|f (x4 uer) — f(z)] <




Moreover, since |f(z + ueg) — f(x)| < |u|, we have

th|u| _ 1

: e
Z;/ﬁﬂx+u%»—ﬂw|—aﬁr_W@m

< Z/ (8 2| HS||1eTksiH)SH(2 ) [? N 2U4||H§2(6k)||4) (6”7““'“'— 1) ()

B () (52

k=1

Hence hy < h. To finish the proof of (2.4) note that |IIs(X)| — E < (||lIs(X)|| — E)* and
that E(|[TIs(X)|| — £)T < E||[IIs(X)||. To get the lower bound (2.5), just proceed as above
but with the function f(x) = —(||TIs(x)|| — E)" and note that (||TIs(X)| — E)" < |[TIs(X)]|
and that E|II5(X)| - B < E(JIs(X)]| - B)*. .

Proof.[Theorem 2] For S = R¢ one can take E = ¢E||X||. This is dimension free in the
ii.d. case since

d(E[X1])* < (B[ X])* < dE(XT).

The case of projections is of interest since it can be applied to model selection, in regres-
sion, when the error is a centered ID random variable which is no longer normal.

The following version may be easier to use.

Corollary 4 Let X ~ ID(v,0,v) have i.i.d. centered components and be such that EelX|l <
400, for somet > 0. Let M = sup{t > 0 : Ee!™1l < +o0}. Let S be a subspace of R? and
let Tl be the orthogonal projection on S. Let e > 0. Then, for all 0 < z < h(M™)

P(ITs(X)]| = (1 + &) VE[[Ts(X)[2] + @) < e Jo 0%, (2.7)

and

P(|s] < ETLs(X)]| - ev/E[s(X)[?] - 2) < e o 77700, (2.8)



where the (dimension free) function h is given by

2
h(t) = 8/R |u| (e — 1) (du) + SR /R (e — 1)o(du).
Proof. First let us take E' = £/E[||ILs(X)||?]. Then remark that in the centered i.i.d case,

E[Is(X)|°] = E Z(ZXk<Hs(ek)\ez>>

=1 k=1

d

d
= ZZEXk HS Ck ’€l>

=1 k=1

= E(Xl)QZ T (eI

d
> E(X1)?) (e,

since ||Ig(ex)|| < [lex] = 1. |
Another possible application of Corollary 2 is to the LP-norms. For simplicity, we only state

the result for i.i.d. components.

Corollary 5 Let X ~ ID(v,0,v) have i.i.d components and be such that Ee!l*ll < +o0,
for some t > 0. Let M = sup{t > 0 : Ee!lX1l < 400}, Let p > 2 and e > 0. Then, for all
0<z<h(M)

P(|IXl, > (1+&)B(|X[,) + 2) < e fo "7, (2.9)

and

P([ Xl = (1 = E(|X[) + z) < e fo P, (2.10)

where the function h is given by

g (1 N s
=2 [ (1+ggy) -

Proof. We apply Corollary 2 to f(z) = (||z||, — €E(]|X]|,))". First, it is easily verified
that for each k, |f(z 4+ uex) — f(x)| < |||z + ueg|l, — Np(z)|14,, where Ay = {||x + ueg||, >
eE([[Xlp) or [lz]l, > eE(|X]],)}. Since

ja? — b7

b > - < —



we have
|| Xk + ul” — [ X5 ||

flx 4+ uep) — fx)] < 14,
ot uer) = F@) < GoRT I + weal, )T

But since x +— 2P is convex, one has:
Xk + wl” = [Xe[P] < [(1Xe] 4 [ul)” — | Xel"]
Combining this with the fact that
Vo >0,(14+2)? —1<pr(l+x)P

implies that

plul(Xel + [u)?™
sup([| X |, [| X + ueg[[,)7—1 "
plul(|Xx| + Jul)P~!
= sup(]| X[, eE([| X[],))~*

|f (z + uey) — f(2)] <

Moreover, since |f(x + ueg) — f(z)| < |u|, we have

etbk |u| _ 1

;/R |f(x 4 uey) — f(2)] W Dy (du)

o [ X+ ful g2 .
<p S lul(e™ — 1)(du)
/Rsup<||X||p,sE<||X||p>>2p :

2p—2
<p2/ (HXHzp—z + !UWHzp—z) g lul (e — 1) (du)
~ 0 Jr \sup([[X]],, E(]|X]],)) ’

(2.11)

where I = (1,...,1) € R% Since p > 2, 2p — 2 > p and || X||2p—2 < || X||p, which implies that

etbk|u| -1 R

;A|f(m+uek) _f(flf)\QWVk(du)

, ql/2p=2) \ P2 al
< 1+ |lu|l——— ul(e™ — DNo(du).
< /( | |€E(HXHP)) fal (e — 1)(du)

The proof is complete.

Again, the result just obtained is dimension free since E(||X||,) > E(|X;|)d"/.
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3 Using Young’s inequality

Another method to uncouple U and V' in Proposition 1 is to use the following inequality,

which is a particular instance of the Young inequality.

Lemma 2 Let A > 0, and let X and Y be random variables such that the expectations,

below, exist. Then,

loc F AX 1 E AY
E[XeMY] < E[yeY] + ngME[e’\Y] - ng[B]E[eW]. (3.1)
Proof. Indeed, if
Y
=——dP
then by Jensen’s inequality
AEG(X —Y) < logEg(er¥—1)).
|

This leads to the following result.

Corollary 6 Let X = (Xy,...,Xy) ~ ID(v,0,v) have i.i.d. components and be such that
EetlXl < 400, for somet > 0. Let f : R? — R such that Ef(X) = 0 and let there exist
b € R, such that for all k | f(z+uey) — f(x)| < blu|, for allu € R, x € RL. Assume moreover
that for all u € R, there exists a function C, verifying

d
3 / X+ uer) — FOOP < w?Co(X),
k=1 /R

where C, is such that there exists A(u,t) > 0 satisfying E[e*DX] < oo, Then for all t

such that every quantity is well defined, one has
(1= h(t))E[fe"] < g(t)E[e],

where

otblul _
bt) = | Sl ate)

11



and

n(G(u, 1)), et —
o) = [ e = st

and where ¢(t,u) = E[eNwHCu(X)],

Proof. Applying Proposition 1 to f, the above assumptions entail that

Efetf g/olEz {/R C”(U);FC“W) V) <| e _1) ﬁ(du)} dz.

Next, apply Lemma 2 to A(u,t)Y =¢f(V) and to X = C,(U) or X = C,(V). Since Y has

zero mean, one can ignore the last term in (3.1). This leads to

< ) o

which concludes the proof. |

This inequality is non trivial only when h(t) < 1, one of its applications is to the euclidean

norm.

Lemma 3 Fora >0 let {, = — lnE[e’aX%]. Then, for all \,v,a >0, such that £, > \/v,

o Ad <14 a
CINIEe) ) S =)

Proof. Let ¢ > 0 which we will choose later. Let a = exp <L)+U> and b = exp (’\T)

edE(X?
Then
Ad b Ad
E (exp (—)) = / P (exp <—> > t) dt
( [ X[]* + v 0 1 X% + v
b Y
< ot [B(-IxPz0-2)a
“ In
b d
a—l—/ E[e‘o‘xf} e~ vteRT gt

< a_l_e—déa—&-aadE(Xf)(b_ Cl)

S a+ ed(eaE(Xl)er()\/v)fZa).

IN

Taking € such that eaE(X;)? + (A\/v) — £, = 0, leads to

Ad A
E _— < 1<1 .
(eXp<HXH2+v))‘a+ - “Xp(ea—%)

12




Rmgq : avant on avait pris a = 1, je ne sais pas trop quoi en faire pour l'instant.

Lemma 4 There exists c1, co, c3 positive constants such that for all x € R? and u € R

d codu?
>l + ey — flof? < v (+—>
=1 ||| + cau

Proof. The proof is similar to an argument used in the proof of Corollary 3.

d d 2
Quxy + u?

S e + e —!IxI\PSZ( ) |

—1 — \ ||z + vegl| + ||z

But for all positive &

|2 + uerl| =Y a? + (wx + )’ = ||z]|* + 2uzy + 0 > [|z]|* — exq + (1 — 7).
J#k
Consequently
|l 4+ wer]| + |21 > (2 = &) lz[* + (1 — 7).

Taking € = 3/2 leads to the result. |

With the help of the previous lemma, we now get: Proof. [Theorem 3]
Again we want to apply Corollary 6 to f(X) = || X||—E||X]||. With the notations of Lemma 4,

codu?
Cu(X) =)+ +—2——,
(X) ! ||| + csu?

works. Then, one has to compute In(¢(u,t)). But,

In(¢(u,t)) = c1 A\ (u, t) + In (E [exp (M)D ,

1 X% + esu®

and so by Lemma 3, it follows that

({11, ) = 1A (w, ) + In (1 +exp (gff&léf,)ﬁcf/cg)) ,

for all a such that £, > A(u,t)ca/cs. Ici je ne sais pas comment me servir de {, vraiment

Jusqu’au bout.
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Let us fix = 1 and A(u,t) = ¢30/(2¢5). Then
In(¢(u,t)) < erA(u,t) +1n(2) + cgu’.

which leads to the result by classical arguments. [
reprendre a ce stade les constantes propres .... remarque si X7 suit une poisson(0) ly, =

0(1 — e=®) donc ca tend vers 1 et c’est pas ca qui va aider la convergence ....

4 A result for L’-norms
We state and prove in this section the following generalization of Theorem 4:

Theorem 5 Let X be as in Theorem 2 and let 2 < p < oo. Then for all positive x,

P([X1, — El[X]l, = ) < exp (— /: hgl(S)dS) : (4.1)

where the (dimension free) function h, is given by

2p—2
op i
hy(£) = 2742 /R (1 + |u‘) + 2272 (e — 1) (du),

my' my
and the moments Ty,, m, are defined as follows:
o if X has almost surely positive coordinates, we can take m, = m,; = E[(X1)]] for
q = p,2p.

e otherwise, we take

my = teil[%f” [Inf{E[|(Y1): + (Z20):iP Lz, 20, 010200, BI(Y1): 4 (20121, <0,0)<0) ]

m_2p = Sl[lp} [Sup{EH(}/l)t + (Zl)t|2p1(Z1)t20,(Y1)t20]7 EH(Yi)t + (Zl)t|2p1(Z1)t§0,(Y1)t§0]H
telo,1

When 1 < p < 2, an inequality similar to (4.1) holds, where h, is now replaced by the

following function h, q, which is not dimension-free:

2p—2
21/P|y| a2y
hpalt) = 274 2/ 4w 2222 |y (e — 1)i(du).
pa(t) P P27 g7 27T Jul(e )7 (du)

_r



Again, we need the condition m, > 0 in order to get a non-trivial bound. However, this

condition is satisfied in most natural cases. Let us now proceed to the proof of Theorem 5.

Proof.

First, using the notation of (1.5), Lemma 1 can be rewritten as

Ef(X)g(X) —Ef(X)Eg(X)

:/OI]EZ

k

/ (f(YVe+ Zo+uer) — F(Vi + Z0)) gV + Zo + uex) — (Vi + Z,))o(du) | dt
R

(4.2)
where }7,5 is an independent copy of Y; and f, g are Lipschitz. Indeed, recall the definition
of vy and vy in Proposition 1 and remark that for every ¢ € [0, 1], (Z;, Z;) is the ID random

variable with Lévy measure tv; while (Y3, 17,5) is the ID random variable with Lévy measure

try. Of course, by approximation, (4.2) remains true if f, g are locally Lipschitz and

1
|E
0

Let 2 < p < o0, A > 0. We want to apply (4.2) to the functions f(X) = || X, and

g(X) = 6)‘“X”p.
Using the same inequalities as in the beginning of the proof of Corollary 5, together with

E;/m%+&+ww—ﬂn+&ﬂMﬁ+&+w0—ﬂﬁ+&)Mm4ﬁ<m-
k R

the fact that for z,u € R, sup(|z + ul, |z|) > (|z| + |u|)/4, we obtain, for X € R¢ u € R and
1<k<d

. Xe| + Ju] N7
11X+ wex]l, — || X ]|, < 2% Zp\u!( :
’ ’ (X + Julp) e

Similarly, if A > 0, using the fact that (e* — 1)/x is an increasing function and that

X+ werll, = [[X o] < Jul, we get

_ u | Xe| + |ul ot
| exp(A[| X + uegl,) — exp(A|X|,)] < 227 2p(eM — 1) ((||X||5 ) exp(Al| X [p)-
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Now fix ¢t € [0, 1] and consider that X; = (Y;); + z; where the (Y;); are iid random variables

as in (1.5) and the z; are deterministic. Then

> By [1X + ekl = [1X Il Evi | exp(A | X + wel,) — exp(AI X |l,)]
k
-1

Yi)e + 2| +
|(Ya)e + 2| + |ul eXp()\HYt‘f‘ZHp)

(IY: + 25 + [ulp)/»

—1
< 24p—4p2’u|(€)\|u\ . 1)IE B ’ |(Yk:)t + Zk:| + |U| ?
— Y, Yi

Y2+ 25 + [ulp)/

where the (V;); are i.i.d. copies of the (V;);. (We write Ey,, E,, . to make precise which are
the random variables and which are the parameters). Cauchy-Schwarz and the independence

of the (Y;):, (Y;); lead to,

D Ev X + ekl = X o] Bvil expA X + uexll,) — exp(M X )]
k

op_2\ 1/2

|(Ye)e + 2] + |l
Yz + 2o + [ufp) 7

Yk t+Zk’ + ”LL‘
xE
) (Z‘ 1Y; + 21 + ul) 7

Denote I = (1,1,...,1) € R? and remark that

< 24p—4p2|u|(6>\\u| _ I)Ef/t

op—2\ 1/
) exp(AY: + 2|1)

2p—2

(1(Ve)e + 2l + [ul)®™ = [IVi+ 2+ ul]l5p7;

B

b
Il

1
< (IYe + 2zll2p—2 + [Jul||2p—2)* 2

< (IY: + 2|l2p—2 + |u|d1/(2p—2))2p—27
whence

|((Yi)e + 2] + |uf
(Ve + 25 + [ufp)t/

2p-2 |1/ 2-2) 22
<(1+ , 4.3
< ( Vit + |u|p>1/p> (43)

where ||X||l2p—2 < || X]|, since p > 2. If we now write

Ny 1= (1Yo + 2[5+ [ul?) 7P > || X,

16



then
’ |(Ya)e + 2k + |ul
= [ (I1Y: + 2[5 + [ufp)'/P

2p—2 ( || d/2P=2) 2p—2
<(1+ M)
- N,

pit

and thus

Y Ev Y + = 4 werlly, — 1Y + zllp| Evil expAY; + 2 + uerll,) — exp(MY; + 2[l,)]
k

< 2Rl = DB |/ QN 02) | Br, | @yl D) exp1Y: + 21

where Q,(x) = (14 1/2)?~2. Recall that if T is a positive random variable, A is a positive

increasing function and B is a positive decreasing function, then
E[A(T)B(T)] < E[A(T)]E[B(T)]. (4.4)

(A proof of this inequality is provided below). Applying it to T = || X||,, A(z) = exp(Ax)
and B(z) = v/Qp(([ulP + 27)1/7 [|u|d!/Cr=2)) gives:

D Ev 11X + uerlly, — 1X o] Evil expM X + uexll,) — exp(M X ;)]

<2l - 1) (B W@(Nnt/mul/@p—m)})21&4 lexpO\Y; + I,

Now consider that z is no longer a parameter but a random variable of the form Z; as in

(1.5). Then we have:

/Rd P(Z; € dz) ) By, |IX +uerll, — X1 Evi | exp(Al1X + uexll,) — exp(A|X]])]

<2 R - ) [ Bz e s By W@p<Np,t/|u|dl/<2p—2>>])21@1@ fexp(AlY: + 2Il)]

R4

< 277 p%uf (eA - 1) /d P(Z; € d2)Ey,[Qp(Np/luld" "= Ey, [exp(A[Y: + 2[l,)]-
R

For 4,1/, z € R? put

zi + yﬂp]l/p-

My([ul,y,',2) = (Ul + D Lagn(y)=son(u)=sgn(z:)

17



Then since M, < N,; and @), is decreasing,
| P € 2B QN luld B fexpAY: + 1))
R

< [ roicd [ pTed) [ pzed

Rd
Qu(My(Jul,y. 9", 2) /Juld” =) exp(Ally + 2[|,)-

We now use the following generalization of (4.4). Let T’ be a random variable in R% with
i.i.d. components and let A, B : Ri — R, be two functions. For every i < d and every

T E Ri‘l, define the functions A, ;, B,; : Ry — R, by
Agm(t) = A(l‘l, PN ,ZEi_l,t,IH_l, Ce ,l‘d)

vaz(t) = (ZEh “e ,l‘i_l,t,ZL‘Z‘+1, Ce ,[L’d>

Assume that for every ¢ < d and every z € Rflfl, one of the two functions A, ;, By, is

decreasing and the other one is increasing. Then
E[A(T)B(T)] < E[A(T)|E[B(T)]. (4.5)

The proof of (4.5) is obtained by induction on d, applying (4.4) repeatedly.
Applying (4.5) to the functions A(z) = Q,(M,(Jul,y,v,2)/|uld”/*=2) and B(z) =
exp(Ally + z[[,) we get:

| Pz € d)QuOul, vt/ 2)fuld D) exp(Ay + 2],)
R
S/ P(Z; € d2)Qu(My(|ul, y,y', 2)/|u|d” =)
Rd
X /d P(Z, € dz) exp(N|y + z||,),
R

and so integrating in v,y further gives
| P € 42 QN uld B fexp(AY; + 21,
R

< <su]£ Eg. 5,1Qp(My(|ul,y,Yi, Zt)/lUldw“))]> Efexp(A[| X [)]-
yEeR

18



Next, we want to lower bound

sup Bg, , [Q,(My(Jul,y, i, Z0)/|uld"/ =),

yER4

Let V,, denote the inverse of @,:
Vo(z) = inf{s > 0,Q,(s) < x}.
Then,
P(Qy(My(Jul,y. Vo) /|uld"/ D) = 5) = P(M,(|ul, y, Yi)/uld/ =2 < V,(s)).

This last probability is zero if s > Q,(1/dY/(?=2).
Suppose now that y has k positive coordinates and d — k negative coordinates. Let I,

be the set of ¢ such that y; > 0 and /_ be the set of ¢ such that y; < 0. Denote
my (t) = E(Lyy),>0,z0), 20 (Y1)e + (Z1)d] %),

mfl_(t) = E(l(yl)tSQ(Zl)tSOK}/l)t + (Zl)t|q)

and
Tg(t) = sup(my (t),m, (1)),

my(t) = inf(m; (R), m_ (t)).

Then we have
P(M,(|ul, y, Yz)/[uld/ =2 < V,(s))

=P Y Lozl (Yo + (Z)eP + ) 1vie<ozcol (Yi)e + (Zi)el? < dP/Cr= 2V (s)7 — |ul?

1< il
km3, (t) + (d — k)m3,(t)
AP/ =D ulpV,(s)P — ||ulp — kmy (t) — (d — k)m, (t))*

<
—
In particular, if s > Q,(dW=2/PEP=2)m,(t))/7 /21/7|ul), then
~ _ 419, (1)
P(Q,(M, )/ Juld =2y > 5) < 20
(QP( P(|u|7y7 t)/|u’ ) = S) — d(@(t))g
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It thus follows that

Ey, Qp(Mp(|u|7 Y, }N/t)/|u|dl/(2p_2))>
Qp(1/dY/ (2r=2)

P(Qy(/My(lul, y. Yo) /uld/ ) > s)ds

Qp(d(P72>/P(2P*2)@(t))l/p/21/p|u|) N o
P(Qp(My(|ul, y, Ys)/|u|d/®P~2)) > s)ds

—~

IA
S— —

Qp(l/dl/(2p—2>)

T P(Qp(Mp(Jul, y, fft)/|u|d1/(2p_2)) > s)ds

S~

Qp(d(P=2/P(20=2) 1, (1))1/P /21/Pu])
4mea, (t
< Qa2 ()17 /217 ul) + qu/dl/@p—”)—d<m‘2?‘£>;—2
my
4735 1)

< QP(%@))I/I)/QI/I)'UD + Qp(l/dl/@piQ))W.

Observe too that
Qp(l/dl/(Qp—Z)) 1
d d

(14 a2y < 922,

and therefore,

/dP(Zt €dz) Y By, || X + uekll, — | X[, Ey, | exp(A[|| X + ueryllp) — exp(A|IX],)]
R i

Adp—4, 2 Au 1/p /o1l/p 2p—2 m_QP(t)
< 27717 (M - 1) [Qp(@(t)) 2 /24P]u]) + 2 my(0))? Elexp(A| X l,)]-

Note that when X has almost surely positive coordinates, we can apply (4.5) directly, without

replacing N, with M,. In that case we obtain the same inequality with
my(t) = E[X"]

and

izp (t) = E[X*].

So defining m,,, M, as in Theorem 4 and putting

_o May
Cp(A, |ul) = 24p—4p2|u|(@)\|u| -1) Qp(<%>1/13/21/p|u|) 4+ 9% 2(m2;);2 ’
-r
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we obtain, using the covariance formula

(X exp(¥X ) — EIX]BlexpA X))
< [ GO B fexpX],) ().

o0

In other words,

RIETE TSN
p

E(exp(AllX1l,))

< [ G lubptd = B, (46)

[ee)

Integrating both sides of (4.6) yields

A
[log[E(exp(A[|X|[p))] = AE[|X[],] < /OFp(u)du,

from which Theorem 4 follows.

If 1 <p <2 (4.3) can be replaced by

2 1 |u|d/ (2P=2) 2
) s \dvmr s i/ ’
( )1/

g 1Ye + 2[5 + Jul?

|(Y)e + 21| + [u]
(Y2 + 215 + |ul?)'/?

and the rest of the proof goes likewise.

A correlation inequality

For the sake of completeness, we prove (4.4), although this result should be easy to find
elsewhere. Suppose first that 7" is absolutely continuous. Let S be the size-biased version of
A(T) : S is defined by the fact that for every bounded, measurable function f,

E[f(T)A(T)]

It is easy to check that S is a well-defined random variable. Moreover, we claim that S is

stochastically greater than 7" for every x > 0,
P(S > xz) > P(T > x).
To prove this, write

E[A(T>1T>J:]

P(S > z) = EAT)
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so that our claim is equivalent to:

E[A(T)17>,]
B 2 BAD)

Let 7, : R, — R, be the increasing function such that for every y > «x,

P(T >
P(r(T) > 1) = gt
T, is simply the transport of mass from the law of T" to the conditional law of T given
T > z, and 7, exists since T is absolutely continuous. In particular, since for every y > 0,
P(7.(T) > y) > P(T > y), we have, for every t > 0, 7,(t) > ¢ and consequently, since A is
increasing, A(7,(t)) > A(t). Therefore,
E[A(T)17s,]

BT s s = EAGD)] > EIAT),

which proves our claim.

It follows that if B is decreasing, then B(S) is stochastically smaller than B(7T'), whence

EB(S) <EB(T),
which proves (4.4) in the absolutely continuous case. The general case follows by passage to

the limit.
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