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Abstract

Motion
	

is generated in a rotating spherical shell, by a slight differential rotation of the inner core. We show how the
numerical solution tends, with decreasing Ekman number, to the asymptotic limit of Proudman [J. Fluid Mech. 1 (1956)
505–516]. Starting from geophysically large values, we show that the main qualitative features of the asymptotic solution
show up only when the Ekman number is decreased below 10
 6

�
.� Then, we impose a dipolar and force-free magnetic field

with internal sources. Both the inner core and the liquid shell are electrically conducting. The first effect of the Lorentz
force is to smooth out the change in angular velocity at the tangent cylinder. As the Elsasser number is further increased,
the Proudman–Taylor constraint is violated, Ekman layers are changed into Hartmann type layers, shear at the inner sphere
boundary vanishes, and the flow tends to a bulk rotation together with the inner sphere. Unexpectedly, for increasing
strength of the field, there is a super-rotation (the angular velocity does not reach a maximum at the inner core boundary
but in the interior of the fluid) localized in an equatorial torus. At a given field strength, the amplitude of this phenomenon
depends on the Ekman number and tends to vanish in the magnetostrophic limit. 


1998 Elsevier Science B.V. All rights

reserved.

Keywords: dynamos
�

; Earth; magnetic field; induction; models

1. Introduction

As
�

we try to model the Earth’s dynamo, we face
su� ccessive difficulties. In particular, the kinematic
vi� scosity of the fluid is very low and this lets other
forc
�

es dominate viscous diffusion except on very

�
Corresponding author. Present address: I.G.P.P. University of

California, Los Angeles, CA 90024-1567, USA.
E-mail: dormy@math.ucla.edu
1 Present address: L.G.I.T., B.P. 53, F-38041 Grenoble, France.

short� scales. We hope that the study of some sim-
pl� ified problems will shed light on the numerical
d
�

ifficulties associated with the limit of small Ekman
numbe� rs. We present here a study of such a prob-
lem,
�

axisymmetric, where all motions are generated
by
�

differentially rotating boundaries in the presence
o� f an imposed magnetic field. We will study the
st� eady solution for a wide range of parameters, and
tr
�

y to infer conclusions on the asymptotic limit. The
sol� ution involves nice examples of boundary and in-
t
�
ernal shear layers driven by Ekman pumping and � or 

Hartmann electric currents.

0012-821X/98/$19.00  1998 Elsevier Science B.V. All rights reserved.
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F
�

or one part (in the absence of a magnetic field),
t
�
he motivation of this work is to use our three-

di
�

mensional convection code on a simple problem,
easier� to solve, and for which the asymptotic solu-
t
�
ion is well understood after the work of Proudman

[1] and Stewartson [2]. This allows us to test the
pe� rformances and the limitations of our approach.
This problem, though much easier then 3D MHD
co� nvection (it is axisymmetric, no heat equation con-
sid� ered), is nevertheless attractive since it possesses
a	 non-trivial solution in the asymptotic limit of van-
i


shing viscosity. Moreover, this problem presents a

si� ngularity at the cylinder tangent to the inner core
w� hich is a major difficulty for a spherical numerical
c ode to deal with. In this respect, we complete the
pre� vious numerical study of Hollerbach [3] restricted
to
�

larger Ekman values.
On
�

the other hand, the problem has not been
st� udied before in the presence of a magnetic field
a� nd with a conducting inner core. Hopefully, this
numerical study may guide future analytical works.
Kleeorin et al. [4] have already studied analytically
a� similar problem, but for an insulating inner core.
T
�

his makes an important difference but they have
b
�

een nevertheless able to compare some features of
t
�
heir solution with our numerical findings.

F
�

inally, recent claims of a discovery of a differ-
e� ntial rotation of the Earth’s inner core [5,6] adds, if
necessary, further motivation to understand better the
flow between slightly differentially rotating spheres,
a� nd the effects of an imposed magnetic field on this
flow.

2. Modelling

A
�

n incompressible fluid of kinematic viscosity � ,
de
�

nsity � , magnetic diffusivity � , magnetic perme-
ab� ility  0

! , is enclosed between two spheres. The
i
"
nner solid body is rotating slightly faster than the

o# uter sphere (Fig. 1). Their rotation rates are, respec-
ti
$

vely, % 1 &('*),+ an- d . . The equations are written in
t
/
he rotating frame where the outer sphere is at rest.

Usi
0

ng the outer sphere radius ro1 as2 length scale,
t
3
he period of angular rotation of the inner sphere with

respect to the outer one [ 4*5 ]
687 1 as9 unit of time, and

t
:
he maximum amplitude of the imposed magnetic

field B0
; a< t the outer sphere to scale magnetic field B,

Fig. 1. The geometry of the problem is represented here in
a meridional plane. The flow is driven by a slight differential
rotation between the inner and the outer spheres, and remains
axisymmetric.

t
=
he momentum equation and the induction equation

w> rite:

? @ uAB
t
CED uFHG uI JLKNMPORQ E S uTVU 2zWYX uZ

[(\
P ] 1

m^ E _*` 1 acbed B fhg B
ikj

ul m 0
n

o
Bp
t
q rtseu(v uwEx B y

z
P { 1

m| E }*~ 1 � B
�k�

B � 0
� �

1�
Whe
�

re z� i
�
s the unit vector parallel to the axis of

r� otation, and the centrifugal acceleration is included
in
�L�

. The geometry is fully determined by the ratio
r� i � r� o� whi� ch has been kept constant and equal to 0.35
t
�
hroughout this study. The outer boundary � r��� 1�

is insulating and rigid � u��� 0
���

. The inner core has
be
�

en taken as either insulating or conducting, with
t
�
he same conductivity as the fluid and u ¢¡ s£ e¤¦¥

whe§ re ¨ s©«ª¬¯® z°²± de
³

note cylindrical coordinates. The
di
´

mensionless parameters are the Ekman number E,
t
µ
he Elsasser number ¶ , and the magnetic Prandtl

"¸·
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numbe� r P
�

m:

E
��� ��

r� 2
	
o
��
�� B

� 2
0
���������� P

�
m �

�
� (2)

�

Four dimensionless numbers,  , E, ! , Pm" a# re thus
ne$ cessary to describe the problem.

Th
%

e computer code is written in such a way that
w& e can investigate the effects of the nonlinear terms
u')( u* an+ d ,.-0/ u132 B

465
. However, these terms play

no7 part in the solution when 8 i
9
s small enough:<;>=

E
? 1 @ 3ACB . With D lar

E
ge enough, 3D instabilities

arF e expected [7,8]. This study focuses on the linear
solG ution. Then, the induced perturbation b

H
to
I

the
force-free imposed field can be scaled such that:

B
J0K

B
L

0
MONQP<R P

S
m E
TVU 1 W bX (3)

Y
aZ nd the system (Eq. 1) reduces to:

[�\ u]^
t
_ `badc�egf E

h�i
ujgk 2

l
zmon up

qsr3tvuxw
b
y{z�|

B
}

0
~

���
u� � 0

�
� P
�

m E
�V� 1 � b

�
�

t�������.� u
��� B

�
0
������� b

�
 �¡

b
¢ £

0
¤ ¥

4
¦¨§

Two parameters only (E, © )
ª

fully determine
stead« y state solutions. We have not investigated tran-
si¬ ent solutions and we have found (covering a large
ra nge of parameters E

®
, ¯ )
°

that, within this frame
(
±
axisymmetric fields and ²d³ 1), the solution always

settles´ down to a steady state.

3
µ

. Numerical model

V
¶

ector fields are decomposed into poloidal and
to
·

roidal parts:

u¸>¹»º�¼.½¿¾xÀ ruÁ pÂ�Ã�ÄÆÅ�Ç ruÈ t
É

Ê 1

rË sinÌÎÍÐÏ uÑ polÒÔÓ eÕ×ÖoØ uÙÛÚ eÜ×Ý (5)
Þ

b
ßáà�âäãæå¿çäè

rb
é

pê�ë�ìÆí�î rb
ï

t
ð

ñ 1

r sinòôóÐõ b
ö

pol÷ùø eúüû�ý b
þ¨ÿ

e��� (6)
�

Appl
�

ying r���	��
 an� d r���������� t
�
o Eq.4 ,w e get

th
�

e set of scalar equations:

����
t� L2u� t

 ! E " L2u# t
$&% 2 ' z(*) r +	,�- u. t

/10 2Qup2
354

r687	9�: [ ;=<�> b
?A@CB

B
D

0
E ]F

G�HI
tJ L
K

2 L uM pNPO E L
Q

2 R 2uS pTVU 2
WCX

zY*Z r[�\	]�^`_ ua pb
c

2Qut
dfehg r i	j�k�l

m [ n=oqp b
rtsvu

B
w

0
x ]y

z Pm{
E

|
}

t~ L
�

2
� b� t
����� L2

� b� t
�&� r ����� [ ���5� u��� B0

��� ]�

� P
�

m

E
�
�
�

t� L2b
�

p�� �¡ L2b
¢

p£¥¤ r ¦�§�¨5© uª¬« B0
�® ¯ 7°�±

whe² re L2
³ is the Beltrami operator

L
´

2 µ
¶
·

r¸ r¹ 2
º¼»½

r¾h¿ rÀ 2
ÁÃÂ

ÄÆÅ 1

sinÇÉÈ
Ê
ËtÌÎÍ 1

sinÏ 2 Ð
Ñ 2
Ò

ÓtÔ
2

(8)
Õ

anÖ d Q (i
×

ntroduced in Roberts [9]) is the operator
d
Ø

efined as:

Q Ù zÚÜÛ	ÝßÞ 1
2 à L2
á zâÜã�äÎå zæÜç	è L2

éëê (9)
ì

Th
í

e scalar uî t
ï , uð pñ , b

ò
t
ó , b
ô

põ arö e decomposed as:

X
÷ùø

l
ú xû l

üþý rÿ�� Y 0
�
l
� (10)

�

whe� re x� l
�	� r 
 is sampled at discrete points. The cross

produc� ts with B
�

0
 t
�
erms are computed in the physical

spa� ce on Gauss collocation points, and are re-inte-
g� rated in the spectral space. Vertical discretization
is
�

achieved using a Finite Difference scheme on a
non-uni� form grid stretched in the vicinity of the
bounda
�

ries. It required 3000 shells to resolve the
st� ructures corresponding to an Ekman number of
10� 8. Eq. 7 is time stepped until the solution changes
v� ery little. Time integration is performed using a
C
�

rank–Nicholson scheme for diffusion terms, and an
Adams–Bashforth scheme for other terms. Hence,
th
�

e calculation of the diffusion term in each of Eq. 7
requires a product and an inversion of either 3- or
5-banded
�

diagonal matrix at each time step.
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4.
�

Solution in the non-magnetic case

In a first step, we study how the solution in the
non-magnetic case depends on the Ekman number E
a� nd we recover the asymptotic solution of Proudman
a� nd Stewartson [1,2].

4.1.
�

Ekman layers

The numerical study of Ekman layers raises im-
port� ant problems that can be partly alleviated by
usi� ng a radial grid, which is stretched in the vicinity
of� the two boundaries. It is essential to determine
how many points are needed to resolve these viscous
layers properly. Another difficulty is due to the steep
gra� dient of the solution in these layers. Spurious os-
cillatio	 ns often arise in the vicinity of shear layers;
it



is difficult to ensure that they are kept small, that
t
�
hey do not spoil the solution (they do not blow up),

an� d that they do disappear in the steady state regime
a fter time integration of transient states. Around ten
poi� nts, in the layer, are found to be needed (if reg-
u� larly spaced) to resolve the structure correctly with
our� finite difference scheme. When only three points
a� re used, the structure of the layer is not properly
so� lved, the calculated suction is erroneous, and this
has important consequences on the main flow com-
put� ed outside the layer, as can be seen on Fig. 2.

4.2. The Proudman–Stewartson solution

The problem we consider is strongly dominated
b
�

y rotation. In the limit of small viscosity, all mo-
t
�
ions in the interior should satisfy the Proudman–

Taylor theorem (vertically invariant flow):

u��� u����� s� � e!#"%$ 1

s&(' u) pol*,+ s- .0/ e132 (11)
4

T
5

he cylindrical surface that touches the inner
sphe6 re (the axis being the axis of rotation) will
be
7

referred to as the tangent cylinder. Outside the
tan
8

gent cylinder, the asymptotic state is rigid rotation
wi9 th the same angular velocity as the outer sphere:

u:<;>= s? @BA uC polDFE sG HJI 0
K

(12)

Inside the tangent cylinder the angular velocity of
geL ostrophic cylinders in the asymptotic regime is de-
t
M
ermined by the Proudman constraint in the volume

aN nd by Ekman pumping at the boundaries [1]:

uO<P<Q sR SUT sV>W 1 X sY 2
Z\[

1 ] 4^
_
1 ` sa 2 b 1c 4 d [1 egf sh i rj i k 2]

l 1 m 4 (13)
n

uo polpFq srtsJu E1v 2sw 2

2xzy 1 { s| 2 } 1 ~ 4 � [1 ��� s�t� ri � 2]
� 1 � 4 � (14)

�

whe� re the notations of Proudman are related to ours
by:
�
�����

u� pol�F������� su��� (15)
�

The resulting cylindrical shear layer was investi-
ga� ted by Stewartson [2] who proved that it does not
e� xert a control on the interior flow. This layer allows
th
 

e flow to recirculate from one Ekman layer to the
o¡ ther and also accommodates the jump in azimuthal
v¢ elocity. Stewartson showed that the shear layer can
be
£

divided into three nested layers. In the two outer
layers, the z¤ -dependence of u¥�¦ may be neglected and
i
§
nterior viscous stresses on the cylinders balance vis-

c¨ ous stresses on the boundaries. As a consequence,
u© polª de

«
pends on z¬ , as can be seen from the  co® m-

pone¯ nt of the momentum equation. For s°²± r³ i, the
wi´ dth of the layer is O(

µ
E
¶ 1· 4)

¸
and both u¹<º an» d u¼ pol½

de
¾

crease exponentially to zero. For s¿ÁÀ rÂ i, the width
oÃ f the layer is O(

Ä
E2 Å 7Æ ) a

Ç
nd the sÈ -dependence of the

solÉ ution is given by Bessel and Gamma functions.
The remaining discontinuity in uÊ polË is removed in
t
Ì
he inner layer of width O(

Í
E1 Î 3Ï )Ð . This layer is fully

ageostrophic.Ñ Stewartson’s analysis is well illustrated
by
Ò

the numerical study.

4.3.
Ó

Numerical study

The solutions are calculated for different Ekman
numbers. As the Ekman number is decreased, the
siÔ ngularity on the tangent cylinder develops, and
more and more harmonics are required to represent
t
Õ
he associated fields. Harmonics up to degree 1300

weÖ re needed to compute the solution for E × 10Ø 8.
If
Ù

one was to use fewer harmonics, this would lead to
oÚ scillations comparable to Gibbs phenomenon (see
Morse
Û

and Feshbach [11]).
Th
Ü

e results published by Hollerbach [3], for Ek-
maÝ n numbers E

Þ
H ß 10 à 5

á
arâ e reproduced (Fig. 3).

W
ã

e note that his Ekman number E
ä

H is
å

related to ours
by:
æ

E
ç

H
èêé 2 ë 37

ì
E (16)

í
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Fig. 2. Ekman spirals. u ��� r versus u ��� r for different number of grid points. �	��
� 12, E � 10 � 5
�
. These results compare very well with

the
�

linear theory [10].

Fig. 3. Meridional section of angular velocity and upol� for decreasing values of the Ekman number. First two figures compare very well
with fig. 3 of [3]. The qualitative asymptotic behavior of flow synchronization with the inner core rotation close to s��� 0 � 35 can be
observed only on the two last figures.

W
�

e have recovered the interior geostrophic solu-
t
�
ion found by Proudman [1]. The meridional flow

scales� as O(
�
E1� 2).

�
The asymptotic behaviour of flow

sync� hronization with the inner core rotation, as the
tan
�

gent cylinder is approached, can be qualitatively

obse� rved only when E  10! 6
"

(se
#

e Fig. 4). We have
sho$ wed u%'&)( s* an+ d u, pol- a. s a function of z/ an0 d r w1 hereas
w2 e are, of course, interested by the (s3 ,z4 )-st

5
ructure

of6 the solution; numerical convenience dictated our
ch7 oice.

"98
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Fig. 4. Comparison with the Proudman solution. Angular velocity u ��� s� and poloidal scalar upol� E1 � 2 versus s� at r � 0 	 7 for different
Ekman numbers. The Proudman solution is shown with a thin solid line. The angular velocity solutions for E 
 10 � 6

�
do not show the

qualitative behavior of the asymptotic limit.

Fig.


5. Comparison with the Stewartson asymptotics. Angular velocity u ��� s� and poloidal field upol� E
� 1 � 2� versus s� for different radius r.

The inner ageostrophic layer of width E1 � 3� is well distinguished from the outer layers where the azimuthal flow is geostrophic.

W
�

e can also study the departure from the Proud-
ma� n solution in the cylindrical shear layer. Fig. 5
illu
�

strates well the three nested layers. The inner
layer of width O(

�
E1 � 3� ),� where u�! is ageostrophic, is

we" ll defined and is clearly embedded in the outer
she# ar layers, where u$!% is z& -independent but u' pol( de

)
-

pe* nds on z+ . The transport of fluid takes place at small
z, inside the tangent cylinder and at large z- out. side
t
/
he tangent cylinder (see also Fig. 3). We have calcu-

l
0
ated the rate of exponential decrease of u1!2 an3 d u4 pol5

w6 ith s7 for
8 9

s:<; r= i > (
?
Table 1). The agreement with

th
@

e E
A 1 B 4 scC aling of Stewartson is gratifying. In order

t
D
o investigate the outer layers, we have subtracted

th
E

e mainstream solution (Eqs. 13 and 14). Further-
more, we have stretched the sF cG oordinate by the
factor E H 2 I 7J , for sKML ri

N , and by the factor E O 1P 4, for
sQSR ri

T . The O(
U
E2 V 7W ) a

X
nd O(

Y
E1 Z 4)

[
scalings are vindi-

cated\ (Fig. 6) inasmuch as the mainstream solution is

"^]
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Ta
�

ble 1
E1 � 3� and E1 � 4� Stewartson layers

E � � 1 � 2

10	 5



0.117 � 23.02 19.5
10� 6


0.057 � 38.41 33.89

10� 7
�

0.027 � 73.40 63.94
10� 8

�
0.013 � 129.52 106.71
E � 0.
�

32 E � 0.
�

253 E � 0.
�

249

�
is the width of the region where u � is ageostrophic. � 1 and � 2

are the rate of exponential decrease of, respectively, u � and upol 
outside the tangent cylinder. The last line gives the slope of the
r! egression of these coefficients on log E

"
.

recovered for a fixed distance to the tangent cylinder.
However, the influence of the O(

#
E1 $ 3% )& layer on u' pol(

inside the tangent cylinder is also visible. Stretching
no) w the s* c+ oordinate by E

,.- 1 / 30 , we characterize fur-
th
1

er the O(
2
E13 34 )5 layer, whose influence on u6 pol7 is the

st8 rongest at small z9 (
:
Fig. 7): the maxima are now

a; ligned at a fixed distance to the tangent cylinder.
F
<

inally, Fig. 8 demonstrates that the width of the
l
=
ayer where u>@? i

A
s ageostrophic scales with E

B 1 C 3D (se
E

e
alsoF Table 1) as predicted by Stewartson [2].

Th
G

e scaling laws given by Stewartson apply well
to
H

the numerical solution for the range of Ekman
numbers [10I 6

J
, 10K 8]

L
, even if some features of

t
M
he Stewartson solution are absent from the nu-

merical solution. As an example, the amplitude of
E N 1 O 2uP polQ increases rapidly with E R 1 in the E S 1 T 3U

Fig. 6. The outer Stewartson layers. u VXW sY and upolZ E1 [ 2 versus E \ 2 ] 7^`_ sacb 0 d 35e for sfhg 0i 35 and E j 1 k 4 l smon 0 p 35 q for srhs 0 t 35 r u 0v 7.

i
w
nner layer (cf. Fig. 7), whereas Stewartson [2] pre-

d
x

icted very slow variation (E
y.z 1 { 21).

|
We note also that

th
}

e z~ -dependence of u� pol� in the E2� 7� layer out of the
E1� 3� inner layer is not linear as predicted (Fig. 5).

5.
�

Magnetohydrodynamics

W
�

e now study how the flow is modified in the
p� resence of an imposed magnetic field (Fig. 9).

5.1.
�

The imposed magnetic field

Onl
�

y current-free fields have been investigated�
J
���

0
���

. A current free field with external sources,
w� hen axisymmetric and dipolar, is aligned along the
ax� is of rotation. As a consequence, shear at the tan-
ge� nt cylinder does not create electric currents. We
have checked that, in this case, the shear at the tan-
ge� nt cylinder is not reduced by magnetic effects, and
is even reinforced for strong fields, as the Lorentz
force efficiently couples the fluid inside the tangent
cyl� inder with the inner sphere. The asymptotic solu-
tio
�

n for large � co� nsists of bulk rotation of the fluid
v� olume inside the tangent cylinder together with the
i
�
nner body and a bulk rotation of the fluid volume

e� xterior to the cylinder together with the outer sphere
(
�
see also the recent study by Hollerbach [12]).

The problem is very different if the sources of the
magnetic field are internal. For the imposed field one

"Z�
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Fig. 7. The inner Stewartson layer. upol� E1 � 2 versus E � 1 � 3��� s�
	 0 � 35� . r  0 � 4 (left) and r � 0 � 7 (right).

th
�

en writes:

Br���
1

r 3
� co� s �
� B ��� 1

2r 3
� sin��� (17)

 

Here the magnetic field is not aligned along the
ax! is of rotation, and will therefore cross the tangent
c" ylinder. Important, too, is the variation of the field’s
ma# gnitude: in this case the amplitude of the field,
va$ rying as r%'& 3

(
, will be much stronger at the inner

boundary
)

. The field amplitude is 23 times larger at
t
*
he inner sphere surface than at the boundary with

Fig. 8. The inner Stewartson layer. u +-, s. versus E / 1 0 3132 s465 0 7 358
for different Ekman numbers (E

9;:
10 < 5
=
, 10> 6

?
, 10@ 7

A
, 10 B 8

C
from

top
D

to bottom) and different radius (r E 0.4, 0.5, 0.6, 0.7, 0.8,
0.9).

t
F
he outer sphere. The local Elsasser number is thus

544
G

times greater than the value that we quote and
cH alculate with the field at the outer boundary.

5.2.
I

Comparison with previous studies and
numeJ rical tests

W
K

e present results obtained in the case of an
insulating inner core in order to compare with the
numerical study of Hollerbach [3]. The first effect
ofL the magnetic force is to reduce the shear at the
t
M
angent cylinder. As the Elsasser number is increased

th
N

e motion reduces to a rigid rotation with the outer
spheO re. Since both spheres are insulating, only vis-
cP ous torques couple the solid boundaries. Fig. 10
shQ ows how the solution evolves with increasing val-
ueR s of S atT E U 10V 5

W
. First, we see (for XZY 0)

[
t
\
he influence of the equatorial Ekman layer of width

E2] 5^ a_ ttached to the inner sphere. Comparison with
[3] validates our code. The recent asymptotic study

Fig.
`

9. The imposed magnetic induction.

"ba
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Fig. 10. Angular velocity with respect to the cylindrical radius s� in the case of an insulating inner body; on the left hand side at r � 0� 75,
on the right hand side in an equatorial section. E

���
10 � 5
�
.

of	 Kleeorin et al. [4] predicts a local minimum in
a
 ngular velocity, in the vicinity of the equator of the
inner body, in their strong field limit. The reversed
flow can be seen on Fig. 10 (see the equatorial
se� ction). We note that they refer to a first version
of� our paper, in which the figures were numbered
di


fferently. Fig. 10 was referred to as Fig. 6.
W
�

e now restore finite conductivity to the inner
c� ore. The induction equation (its diffusive part)
must� now be solved inside the inner core, also.
F
�

or non-zero Elsasser numbers, a magnetic torque
a� pplies on the inner boundary:

�
B ��� r� B

�
r b
���

sin��� d
�

S
 

(18)
!

V
"

iscous torques act at both boundaries and are
e# xpressed as:

$&%('
Er
)

sin*,+ r-/.0
r1

u243
r5 d
6

S
7

(19)
8

Eq
9

uilibrium between these torques is an addi-
t
:
ional check of our numerical calculation. They agree

to
;

within 1%.

5.3.
<

The asymptotic state

W
=

e shall see that including a conducting inner
co> re endows the solution with a rich variety of
features. When the imposed magnetic field is strong
e? nough, we again expect the solution to be close
t
@
o a state of rigid rotation. But, now, the internal

magnetic torque couples far more efficiently the fluid
wiA th the inner body than the external viscous torque
wiB th the outer body. As a consequence, most viscous
eC ffects are confined to the boundary layer attached to
t
D
he outer sphere.

5.3.1.
E

Ekman–Hartmann boundary layer
As the Elsasser number is increased from zero to

O(1)
F

values, the Ekman boundary layer attached to
t
G
he outer sphere gradually changes into an Hartmann

t
H
ype boundary layer. Boundary layers influenced by

bot
I

h rotation and magnetic field are reviewed by
Acheson and Hide [13]. They give (in their section
5.2)
J

a local derivation of the effect of the boundary
lay
K

er on the flow and the magnetic field in the in-
t
L
erior region when the boundary is insulating. WithMON

0
P

, the effect on the flow reduces to the Ekman
suQ ction. In the Hartmann limit, the normal compo-
neR nt of uS vT anishes at the edge of the interior region.
I
U
n between, elimination of the main flow vorticity in

t
V
he expressions for uW r anX d j

Y
r yiZ elds:

j
[

r\
[u] r^ ]_a`

b
B0
ced r f
B0
g 1 hji 2k 1 l 2monjprq

(20)
s

whet re [ u ]v denotes jump across the boundary layer
anw d xry is

z
defined as:

{r|~} 1

2
�

z��� r�
�
B
�

0
�e� r��� 2�
B2

0
�

�
(21)
�

Fig. 11 shows how the Ekman spirals on both
bounda
�

ries are modified by magnetic effects. The

" �
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Fig. 11. Same as Fig. 2 in the presence of a magnetic field. As the Elsasser number increases, the angular velocity of the main flow
approaches the angular velocity of the inner body. The � -component of the velocity vanishes as the layers modify from Ekman type to
Hartmann type.

Fig. 12. The outer boundary layer for E � 10 � 5
�

and ���	��
 12. On the left hand side, the radial electric current j
�

r. The current boundary
layer is well characterized only for 	� 0� 1. On the right hand side, numerical ( � ) and theoretical (as given by Eq. 20) values for [j

�
r� ]� [ur� ]

are represented.

me� ridional motion u��� c� haracteristic of the secondary
fl
�

ow in the Ekman layer is reduced and then sup-
pre� ssed as the local Elsasser number is increased
t
�
o order one. Fig. 12 gives a comparison between

E
�

q. 20 and our numerical results, for E
� �

10! 5
"

w# ith
increasing $ at% &('*)�+ 12.

5.3.2.
,

Electric currents ejected from the Hartmann
la
-

yer
In this section, we investigate the solution in

th
.

e limit of large Elsasser numbers: the Hartmann

limit.
/

The flow is close to a state of rigid rotation
a0 nd the main feature of the solution is a Hartmann
bounda
1

ry layer attached to the outer sphere through
w2 hich the flow velocity decreases from sin 3 to

4
0.
5

W
6

e rescale the set of Eq. 4, retaining only the
magnetic and viscous forces, and introducing the
Hartmann number M 798;:(< E = 1 > 2. Only one pa-
rameter controls the system in this regime. Taking
into account the geometry of the imposed field, and
introducing ?A@ M B 1 C r D aE s radial boundary-layer

" �
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c� oordinate, we get:
� 2
�
u���� 2 � 2 c

	
os 


�
b
�
���� 0

�
� 2b
�

��� 2 � 2 cos �
�

u������ 0
� �

22
�! 

o" f which the solution is [14]:

u#%$'& b
(*)

sin+-, 1 . e/10 2 c
2

os 354 (23)
6

To
7

ensure j
8*9

B
:<;

0,
=

b
>

h
?

as to be written:

b
@*A 1

rB sinCED f
F sinG 2

HJI
rK (24)

L

H
M

ence Eq. 23 is compatible with the bulk rotation
t
N
hat we have assumed as solution for the interior flow

if:

b
O*P sinQ-R

rS 2
T (25)

U
The equations are singular at the equator, where

t
V
he magnetic field lines are parallel to the boundary.

5.3.3.
W

The equatorial singularity
The singularity of the Hartmann layer has im-

pX ortant consequences because it can be shown that
t
Y
he flux of electric currents leaving the boundary

layer there does not vanish. We have not pushed
t
Z
he analytical study further (see Roberts [14] for a

thorough
[

investigation of such singularities) and we
rely here on the numerical study to describe how the
e\ quatorial singularity affects the interior flow.

In
]

the presence of rotation forces, the viscous
l
^
ayer is of Ekman type. It is also singular at the

eq_ uator, where the rotation vector is parallel to the
boundary
`

. Numerical study seems necessary to un-
ravel how rotational forces modify the Hartmann
soa lution.

5.4.
b

Numerical study

F
c

ig. 13 illustrates how the flow synchronizes with
t
d
he inner body as the Elsasser number is increased.

For low Elsasser numbers, the electric currents are
gee nerated at the inner core and at the tangent cylin-
de
f

r whereas for larger values they are induced by
t
g
he viscous shear at the outer boundary (see Fig. 14).

For large Elsasser numbers, the numerical solution
illustrates the role of the equatorial singularity. At

hi
h

gh latitude, the electric currents flow along the
l
i
ines of the imposed dipolar field. In the viscous

bounda
j

ry layer, they converge toward the outer equa-
t
k
or and coming back to the inner core, they cross

magnetic field lines which are parallel to the outer
bounda
l

ry. Indeed, the magnetic field and the electric
field do not share the same symmetry with respect
t
m
o the equatorial plane. This discrepancy between

th
n

e symmetries of the two fields holds also in the
intermediate regime where electric currents are in-
duc
o

ed by the remaining shear in the interior region.
A
p

s a consequence, in the vicinity of the equatorial
plq ane, magnetic forces do not vanish and make the
in
r

terior flow depart from a state of rigid rotation.
Fi
s

g. 15 shows the profile of the angular velocity in
t
t
he equatorial plane for different strengths of the im-

poseu d magnetic field at E v 10 w 5
x
. The case y{z 10|

M } 103
~��

e� xemplifies departure from rigid rota-
t
�
ion. Angular velocity reaches a maximum in the

interior region. This maximum is still more pro-
nounced at smaller Elsasser number (see ��� 0

���
1,

i.e. M � 102
���

. The accelerated flow closely fol-
lows magnetic field lines. With increasing Elsasser
numbe� r, the peak angular velocity migrates from the
i
�
nner boundary to the outer sphere and the flow

a� pproaches a state of rigid rotation.
In
�

order to better understand how the interior flow
is
�

accelerated, we have studied the magneto-viscous
eq� uilibrium, where the Coriolis forces are absent
(se
�

e Figs. 16 and 17). As in Section 5.3.2, the sys-
tem
�

(Eq. 4) is rescaled so that the Coriolis force
is eliminated in the limit ��� � , E � � an� d
t
�
he remaining dimensionless number, the Hartmann

number M �'���¡  E ¢ 1 £ 2 finite. Viscous shear (mainly
i
¤
n the outer boundary layer) generates electric Hart-

mann currents in the equatorial region crossing the
ma¥ gnetic field lines as described above. Super-rota-
tio
¦

n of the fluid is thus a magneto-viscous effect.
Here,
§

viscous forces only oppose the acceleration of
t
¨
he zonal flow in the equatorial region. The region

o© f accelerated fluid has a banana shape centred on a
magª netic field line. The maximum speed grows with
increasing Hartmann number, in strong contrast with
wha« t is described above. Whereas a weak magnetic
field ¬ M  1® c¯ hanges the dynamics only slightly, a
moderate magnetic field ° M ± 3

²´³
16µ su¶ ffices to ac-

celer· ate the equatorial interior flow. At M ¸ 316
¹

and
M º 1000, the shear is well confined to the bound-

8 #
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Fig. 13. Angular velocity with respect to the cylindrical radius s� in the case of an conducting inner body; on the left hand side at r � 0� 75
on the right hand side in an equatorial section. Ekman number is 10� 5

�
.

Fig. 14. Meridional sections for E � 10 � 5
�
, and increasing values of the Elsasser number.

a	 ry layer parallel to the magnetic field line tangent
t



o the outer sphere. The width of the sheared zone

follows the M � 1� 2 a symptotic law for boundary layer

attach� ed to a wall parallel to the imposed magnetic
field [15]. This internal shear layer is associated with
th

�
e recirculation of electric currents induced in the

8 ·
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Fig.
�

15. Equatorial section of angular velocity at Ekman 10� 5
�
. As the Elsasser number increases the flow synchronizes with the inner

body
�

. Unexpectedly the angular velocity of the flow locally exceeds the outer body’s angular velocity.

Fig.
�

16. Meridional representations of the zonal angular velocity u ��� s	 and the meridional electric currents j



pol� in
�

the absence of rotational
forces for increasing Hartmann numbers.

Hartmann layer as the internal Stewartson layer is
asso ciated with the recirculation of the meridional
flow generated in the Ekman layers.

C
�

omparison of the solutions with and with-
out� the rotational forces shows that they strongly
inhibit the equatorial acceleration, which violates

8 �
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Fig.
�

17. Equatorial section of the angular velocity in the absence of rotational forces.

t
�
he Proudman–Taylor constraint. Besides, departure

from a state of rigid rotation is less and less pro-
nounced as viscosity is decreased (see Fig. 18).
Decreasing the viscosity indeed restores the role of
rotation forces, even for large Elsasser numbers.

Kl
�

eeorin et al. [4] have studied how geostrophic
v� elocity (see Fig. 14) reduces to zero as the equator
of� the outer sphere is approached in the intermediate
an� d strong field limit E

� 1� 2 	�
� 1. They write
t
�
he ‘modified Taylor’s constraint’, balance between

Maxwell stress in the mainstream flow and the vis-
c� ous stress in the Ekman–Hartmann boundary layer.
They describe a magnetic Proudman layer of width
E2� 7����� 4 � 7� w� here viscous stress is negligible except
a� t the top and bottom of the geostrophic cylinders.
The remaining discontinuity in the geostrophic ve-
locity is smoothed out in the viscous Stewartson
E2
���

5
�

layer attached to the equator. Kleeorin et al.
[4] have compared their result with our numerical
w� ork. We note that figs. 12, 13 and 16 of that paper
ar� e now, respectively, Figs. 14, 15 and 18. Their
t
 
able 2 gives the distance in our units from the outer

sp! here at which the rotation rate is one half the
v" alue outside the magnetic Proudman layer, accord-
ing to their asymptotic theory. Only for #%$ 0

&('
1, the

E2 ) 5* St
+

ewartson layer is thin compared to the mag-
netic Proudman layer. But the agreement between
th
,

e theoretical and numerical works is striking and
v- indicates their analytical work.

Finally, the conducting inner body strongly influ-

en. ces the geometry of the electric currents. Electric
current/ s can enter the inner body (because it is con-
duct
0

ing) without shearing it (because it is rigid).
Fig. 14 shows how the electric currents try to follow
th
1

e magnetic field lines in the fluid all the way to the
i
2
nner solid body where they loop back.

6.
3

Conclusion

V
4

ery small values of the Ekman number have
t
5
o be studied in order to get some insight into

th
6

e asymptotic limit with a numerical study. Ek-
man numbers such as 107 5

8
a9 re not small enough

to
:

describe even qualitatively the asymptotic regime,
we; ll-known in the non-magnetic case, and this con-
c< lusion holds also with strong magnetic effects. It
w= ould be helpful to develop a numerical algorithm
t
>
o solve the thin boundary layers without increasing

t
?
he number of grid points too much. The method

u@ sed here limits the (axisymmetric) studies to E
A

lar
B

ger than 10C 8 onD some of the fastest computers
aE vailable.

A
F

new structure, defined as a maximum in the
aG ngular rotation inside the interior flow, arises in
t
H
he equatorial region in the presence of an imposed

field. It is present only when the solid inner body is
conductI ing because, firstly, the main boundary layer
is attached at the outer sphere and, secondly, the
eJ lectric currents can loop in the inner body. This

8 "
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Fig.
�

18. Equatorial section of the angular velocity at Elsasser
numbers 0.1, 1, 10 for varying Ekman numbers. One can see on
each of these graphs how the amplitude of the super-rotation is
controlled by viscous effects.

st� ructure vanishes in the magnetostrophic limit but
i

�
s present for Ekman number values in the range

t
�
hat can be investigated in the numerical geodynamo

models that are being developed.
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Abstract. In this paper we study the nonlinear stability of Ekman–Hartmann-type boundary
layers in a rotating magnetohydrodynamics flow in a half-space and between two planes. We prove
rigorously that if the Reynolds number defined on boundary-layer characteristics is smaller than a
critical value, the boundary layer is nonlinearly stable. It is shown that the normal component of
the magnetic field increases the critical Reynolds number for instability.

AMS classification scheme numbers: 35Q35, 76U05, 76W05

1. Introduction and physical motivation

The stability of boundary-layer shear flows in magnetohydrodynamic rotating systems is of
some general interest. We will concentrate our efforts in this study to the parameter range
relevant for the Earth’s core. The magnetohydrodynamic flow (MHD) in the Earth’s core
is believed to support a self-excited dynamo process generating the Earth’s magnetic field.
Although one has very few means of access to the deep interior of our planet, most of the
parameters characterizing the dynamics in the core are quite well known [20, 21]. One can try
to model the core by a spherical shell � filled with a conducting fluid of density ρ, kinematic
viscosity ν, conductivity σ , which rotates rapidly with angular velocity �0. We will only
consider here phenomena occuring close to the outer bounding sphere. Important parameters
are the Ekman number E, the Rossby number ε, the Elsasser number 3 and the magnetic
Reynolds number θ defined introducing a typical velocity U and magnetic field B as

E = ν�−1
0 L−2, ε = U�−1

0 L−1, 3 = B
2ρ−1�−1

0 µ−1
0 η−1, θ = ULη−1. (1)

The Earth’s core is believed to be in the asymptotic regime of small Ekman number
(E ' 10−15) and Rossby number (ε ' 10−7).

Here we present the analytical study of a simplified problem. The stability of an Ekman–
Hartmann layer is investigated at the boundary with a half-space R

2 × [0,+∞[. We will
consider the limit of small Rossby number ε at fixed Elsasser number 3. It is natural to let
εθ go to zero as it appears to be the rescaled size of the self-induced magnetic field. Finally,
we will let the Ekman number go to zero, and enforce it to be of size ε2, in order to have a
bounded and nonvanishing Ekman pumping term.
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The stability of the Ekman–Hartmann layer at the core–mantle boundary is a critical issue
in understanding how it may affect the main flow and thus the dynamo process. The stability
of this layer is often assumed a priori in numerical works.

As the resolution of the Ekman–Hartmann boundary layers is difficult to achieve
numerically [11], some models use free-slip boundary conditions to suppress those layers.
Recently, Kuang and Bloxham [18] have highlighted the important effects of the boundary
layers on the main flow (and field) in a computation of a hyper-viscous dynamo flow at moderate
Ekman numbers.

Some other models suppress inertial and viscous effects in the momentum equation, this
leads to the ‘magnetostrophic’ equilibrium, with the consequence of the Taylor constraint [23].
This simplification can be used to study the induction in the Earth’s core [15], but leads to an
underdetermination of the geostrophic flow. In practice one needs to restore viscous effects in
boundary layers only, through pumping, giving a prescription for this flow.

Let us now describe the stability result. We define a boundary-layer Reynolds number by

ReBL = u
ε

√
E

(2)

where u is a typical value of the rescaled velocity (and therefore of order 1). This number is
the product of the typical value of the viscosity by the size

√
E of the Ekman layer, divided by

the viscosityE/ε. Notice that we build this Reynolds number on the size of the Ekman layer at
3 = 0 and not on the size of the Ekman–Hartman layer. This point of view clearly emphasizes
the stabilizing role of the magnetic effects and the fact that the stability is controlled by only
two dimensionless parameters, namely3 and the particular combination ε/

√
E (and of course

on the colatitude).
As E is of order ε2, ReBL remains constant in the limiting process under consideration.

We prove that the Ekman–Hartmann boundary layer is linearly and nonlinearly stable provided

ReBL < Res(3, θ0) (3)

where θ0 is the colatitude, and give an explicit formula for Res . Of course this does not
prove that the layer is unstable for ReBL > Res since Res is a poor bound. However, this
bound seems physically nonempty, and Res is plotted in figure 1. We recall that as u being
by definition of order 1 and as ε ∼ 10−7 and E ∼ 10−15, ReBL is of order 1 and therefore
completely falls within the values of Res given by figure 1.

This estimate on the critical Reynolds number is, however, far from being optimal. In the
Ekman case (3 = 0) for θ0 = 0, instabilities appear near ReBL = 55 [19], and moreover the
magnetic field has a stabilizing effect. In [8], using the methods introduced by Lilly [19] in
the pure Ekman case (3 = 0) we have computed the critical Reynolds number as a function
of θ0 and 3 for which linear instability occurs for the complete MHD problem.

The stabilizing effect of the magnetic field as well as the destabilizing effect of low latitudes
can also be deduced from such an analysis.

2. The governing equations

Let � be a three-dimensional domain, with smooth boundaries (typically a ball, a half-space
or region between two parallel planes), which will be called the core, �c being the mantle to
fit geophysical terminology.

In �, we consider the following MHD model, where we assume the fluid to be
incompressible. We do not consider buoyancy effects here (see [16] for a discussion of the

8 a
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Figure 1. Res as a function of Elsasser 3 and colatitude θ0. The stabilizing role of the normal
component of the magnetic induction is clearly illustrated.

linear thermal Ekman layer). We neglect displacement currents in Maxwell’s equations, and
take into account the Coriolis effect

ρ(∂tu + u · ∇u)− µ1u + ∇p + ρ�0e × u = j × B,

j = µ−1
0 curl B, curl E = −∂tB, j = σ(E + u × B),

div B = 0, div u = 0.

(4)

e denotes a constant unit vector, direction of rotation, j denotes current density which is
related through Ohm’s law to the electric field E and the magnetic field B. The electrical
conductivity σ , the fluid dynamic viscosity µ and density ρ are positive constants. As a result,
we can eliminate j and E in the above system and obtain

(∂tu + u.∇u)− ν1u +
∇p
ρ

+�0e × u =
1

ρµ0
curl B × B,

∂tB = curl (u × B) + η1B,

div B = 0, div u = 0.

(5)

8 �
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Where the magnetic diffusivity η is defined as (σµ0)
−1 and the kinematic viscosity ν is defined

as ν = µ/ρ.
Outside the shell, the mantle �c is considered as an electrical insulator and the magnetic

field is assumed to be harmonic:

curl B = 0, curl E = −∂tB, div E = 0, div B = 0. (6)

At the core–mantle boundary ∂�, we impose the velocity of the fluid to vanish and the normal
component of the Poynting vector E × B to be continuous.

Introducing typical quantities

u = Uu′, B = BB′, E = EE′, p = πp′, x = Lx′, t = T t ′,

and dropping the primes, we adimensionalize (5) as follows:

L

UT
∂tu + u · ∇u +

π

ρU 2
∇p +

�0L

U
e × u −

ν

UL
1u =

B
2

ρµ0U 2
curl B × B,

L

UT
∂tB

= curl (u × B) +
η

UL
1B, div B = 0, div u = 0. (7)

Taking

T =
L

U
, E = BU, π = ρU�0L, ε =

U

�0L
, E =

ν

�0L2
, Pm =

ν

η
,

and

3 =
B

2

ρ�0µ0η
, θ =

Pmε

E
=
UL

η
,

we rewrite (7)

∂tu + u.∇u +
∇p
ε

+
e × u

ε
−
E

ε
1u =

3

εθ
curl B × B

∂tB = curl (u × B) +
1

θ
1B, div B = 0, div u = 0,

(8)

and in �c, we have

curl B = 0, curl E = −∂tB, div E = 0, div B = 0. (9)

The numbers ε,E, Pm,3, θ are respectively called Rossby, Ekman, magnetic Prandtl, Elsasser
and magnetic Reynolds numbers.

Next, we split the magnetic field B into two parts a large-scale, time-independent field
B0 = e′ and a scaled perturbation b such that

B = e′ + θb,

so that (8) becomes in �

∂tu + u · ∇u +
∇p
ε

−
E

ε
1u +

e × u

ε
=
3

ε
curl b × e′ +

3θ

ε
curl b × b (10)

∂tb + u · ∇b = b · ∇u +
curl (u × e′)

θ
+
1b

θ
, div b = 0, div u = 0, (11)

and in �c

curl b = 0, curl E = −θ∂tb, div E = 0, div b = 0. (12)

The boundary conditions with an insulator can be written as

u = 0 and (E × b) · n is continuous. (13)

Notice in particular that on the fluid’s side, we have curl b = E.

8 �
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We consider in the following the orderings for E,3, θ, ε:

ε → 0, 3 = O(1), εθ → 0E ∼ ε2. (14)

Notice that this includes θ → 0, θ = O(1) or θ → +∞ with εθ → 0.
These limits are relevant to the Earth’s core [10, 11]. Typical values for the Earth’s core

are ε ∼ 10−7, 3 = O(1), εθ ∼ 10−4, E ∼ 10−15, which fit (14).

3. Statement of the results

Let us first consider the case � = R
2 × [0,+∞[ (half-plane z > 0) and let e and e′ be the

vectors given in (e1, e2, e3) basis by

e = (− sin θ0, 0, cos θ0)

and

e′ =
e′

‖e′‖
with e′ = (sin θ0, 0, 2 cos θ0),

where we identify (e1, e2, e3) with (eθ , eφ, er) at a given colatitude θ0. The normalized
imposed magnetic field e′ is assumed to be dipolar, even though any other case could
have been considered. Let U∞ = (u1,∞, u2,∞) be a given velocity at infinity z = +∞.
Let (us(x, y, z), bs(x, y, z)) be the Ekman–Hartmann layer (see section 4.2 for analytic
expressions) which matches the boundary conditions at z = 0 and satisfies (us,1, us,2) = U∞
at z = +∞.

Theorem 3.1. The Ekman–Hartmann layers are stable provided

‖U∞‖
ε

√
E

6 Res(3, θ0),

where Res is given analytically in section 4.4. More precisely, under this condition, if (u, b)
is another solution of (10), (11)

sup
t>0

∫ (

|u(t)− us |2 +
3θ

ε
|b(t)− bs |2

)

6

∫ (

|u(0)− us |2 +
3θ

ε
|b(0)− bs |2

)

.

Let us now turn to the mathematical approach of the problem. By mathematical approach,
we mean partial differential equation (PDE) type mathematics. The aim is to describe the
convergence of solutions of (10), (11) in the limit (14), dealing with all the nonlinearities and
boundary conditions. We would like to emphasize here the differences between the approaches
of PDE people and physicists: mathematicians try to prove convergence of time dependent,
fully nonlinear solutions of (10), (11) to solutions of some reduced systems (without small
parameters) on arbitrarly large time intervals (rarely globally in time), the limit system being
also fully nonlinear (as complex as two-dimensional Euler’s equations). On the other side,
physicists are more interested in global in time stability of time independent boundary-layer
profiles (the stability in Lyapunov or dynamical sense). Each theorem is followed by a small
comment to make the link with physical concerns.

In what follows,� = R
2 ×[0, 1], and to simplify the analysis, e = e′ = e3, perpendicular

to the boundary of � (a similar analysis could probably be done for different vectors e and e′

provided they are not tangent to ∂�). In section 4 we make the formal analysis of the limit
ε → 0. As usual in antisymmetric perturbations of parabolic systems, we have to distinguish
between well-prepared an ill-prepared initial data [6, 14]. We prove, for well-prepared initial

] #
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data, that jε = curl bε goes to 0 and that uε converges to a two-dimensional vector field uint0
independent on z, satisfying a damped Euler equation

∂tu
int
0 + (uint0 · ∇)uint0 + βuint0 + ∇pint0 = 0, (15)

div uint0 = 0, (16)

where βuint0 is a damping term, the sum of a viscous Ekman type pumping and a magnetic
effect.

β =

√

2E

ε2 tan τ
2

with

tan
τ

2
=

1

3 +
√

1 +32
.

In section 4.2 we construct the Ekman–Hartmann layer, following for instance [1],
and in section 4.3 we construct an approximate solution (uappε , j

app
ε ) starting from uint0 , an

approximate solution which satisfies (10), (11) up to very small (in ε) error terms. It is
classical that for β = 0, Sobolev norms of solutions of (15), (16) have a double exponential
behaviour in time. But for β > 0 we prove the following.

Theorem 3.2. Let β > 0 and let s > 2. There exists a positive function 0s such that every
solution uint0 of (15), (16) satisfies

|uint0 (t, .)|L∞(R2) 6 0s(|uint0 (0, .)|H s+1(R2))e
−βt . (17)

This theorem is just the mathematical expression of the damping effect of the Ekman–Hartmann
pumping: if the limit flow is initially smooth, it remains smooth and decreases exponentially
in time. This is an improvement with respect to [14], since we can now get convergence results
which are global in time, which was not the case in [14].

Let us now introduce the function

4(k) =
√

1 + k2
√
k

∫ +∞

0
z(| cos(zk)| + | sin(zk)|)e−z dz, (18)

the critical Reynolds number for stability

Res(3) =
1

4
(

1
3+

√
1+32

) (19)

and the boundary-layer Reynolds number of uint0 at time t ,

ReBL(t) = |uint0 (t, ·)|L∞(R2)

ε
√
E
. (20)

We prove in section 5 the following convergence results.

Theorem 3.3. Let uint0 (0, x, y) be a given H s(R2) function, with s > 5. Let uint0 (t, x, y)

be the global solution of (15), (16) with initial data uint0 (0, x, y). Let uε0 and bε0 be given
sequences of L2(�) and L2(R3) functions, respectively, such that

‖uε0(x, y, z)− uint0 (0, x, y)‖2
L2(�)

+
3θ

ε
‖bε0(x, y, z)‖

2
L2(R3)

→ 0 as ε → 0,

and let uε, bε be global weak solutions of (10), (11) with initial data uε0 and bε0. Then

‖uε − uint0 ‖L∞([0,T ],L2(R2)) +
3θ

ε
‖bε‖L∞([0,T ],L2(R2)) → 0

for every T such that

sup
06t6T

ReBL(t) < Res(3). (21)

] ·
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This is just the mathematical formulation of the stability of Ekman–Hartmann layers, expressed
in a time dependent framework of theorem 3.1.

We emphasize the fact that we are only considering so-called ‘well-prepared initial data’
(that is sequences of initial data uε0 which converge to a z independent function uint0 as ε → 0).

Notice that the boundary layers do not appear in the L2 norm: we require no control of
uε0 near the boundaries. In particular, there is no need to impose uε0 to behave like Ekman–
Hartmann layers as described in section 4.2 near z = 0 and z = 1. Using the decay result of
section 5.1, condition (21) can be replaced by a condition on the initial data uint0 , which gives
the following.

Theorem 3.4. Let uint0 (0, x, y) be a given H s(R2) function, with s > 5. Let uint0 (t, x, y)

be the global solution of (15), (16) with initial data uint0 (0, x, y). Let uε0 and bε0 be given
sequences of respectively L2(�) and L2(R3) functions such that

‖uε0(x, y, z)− uint0 (0, x, y)‖2
L2(�)

+
3θ

ε
‖bε0(x, y, z)‖

2
L2(R3)

→ 0 as ε → 0,

and let uε, bε be global weak solutions of (10), (11) with initial data uε0 and bε0. Then

‖uε − uint0 ‖L∞([0,+∞[,L2(R2)) +
3θ

ε
‖bε‖L∞([0,+∞[,L2(R2)) → 0

provided

0s−1(|uint0 (0, ., .)|H s (R2))
ε

√
E
< Res(3). (22)

Physically, this ensures the global stability of the solution using the exponential decreasing of
the maximum norm of the limit velocities.

We complete this study by proving in the spirit of [4, 9] (in the particular case b = 0 to
shorten the proof) that weak solutions of (10), (11) are in fact strong and unique for ε small
enough.

Theorem 3.5. Let s > 5. Let uint0 (0, x, y) be a given H s(R2) function satisfying the stability
criterion (22). Let uint0 (t, x, y) be the corresponding global solution of (15), (16) and let us
construct the sequence of approximate solutions u

app
ε as in section 4.3 up to order ε2. There

exists ε0 > 0 and C0 > 0 such that if ε < ε0 and if u0 satisfies

|∇(u0 − uappε )(0, x, y, z)|L2(�) +
|
(

u0 − u
app
ε

)

(0, x, y, z)|L2(�)

ε2
6 C0 (23)

then denoting by u the global weak solutions of the rotating Navier–Stokes equations with
initial data u0, we have D2u ∈ L2((0,+∞)×�) and ∇u ∈ L∞(0,+∞;L2(�)). Moreover,
u is unique.

This has important physical consequences, as it guarantees that if at t = 0 the velocity field is
smooth, it remains smooth for all time.

A similar result (weak solutions are in fact strong) in the case of the quasigeostrophic
system with periodic boundary conditions and for ill-prepared initial data has been proved by
Chemin in [4]. Notice, however, that here we deal with vanishing viscosity and that the initial
conditions have large gradients in the boundary layers. In particular, the condition of smallness
of ε which arises in [4] is never fulfilled in our case and we have to replace it by a condition
of type (23).

] �
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4. Asymptotic behaviour

4.1. The limit system

As usual when we have two parameters which go to 0 (namely ε and εθ ), the asymptotic
expansion depends on particular links between these two quantities, and leads to many cases.
In order to avoid technicalities and to get a simple asymptotic expansion we will restricit
ourselves to one particular case and assume that θ = ε. The general case (no link between θ
and ε) can be treated in a similar way, and leads to similar first order and similar boundary-layer
behaviour.

As usual in boundary-layer theory, we look for approximate solutions of the form

uε,app =
∑

k>0

εk
(

uintk (t, x, y, z) + uBLk

(

t, x, y,
z

λ

)

+ u
BL,upper

k

(

t, x, y,
1 − z

λ

))

, (24)

and similarly we introduce bintk , bBLk and b
BL,upper

k , jintk defined by jintk = curl bintk and similarly
for jBLk and j

BL,upper

k , where λ denotes the size of the boundary layer that will be precised
later on. Let uintk = (uintk , v

int
k , w

int
k ) and similarly for uBLk and u

BL,upper

k . In (24) we enforce
uBLk and u

BL,upper

k to be rapidly decreasing in their last argument. Putting (24) in (10), (11)
and identifying the terms in ε−1 and θ−1 in the interior of the domain we get

e3 × (uint0 +3jint0 ) + ∇pint0 = 0, (25)

∂zu
int
0 + curl jint0 = 0, (26)

which leads to

jint0 = 0 (27)

and

wint0 = 0, uint0 depends only on x, y (28)

(‘magnetostrophic flow’). Now equalling the terms in ε−1 and θ−1 in the boundary layers gives
that

pBL0 = 0, bBL3,0 = 0 (29)

as usual in fluid boundary layers (the pressure does not vary much in the layer).
Equalling the terms of order ε0 in (10) we get

∂tu
int
0 + (uint0 · ∇)uint0 + e3 × (uint1 +3jint1 ) + ∇pint1 = 0

and taking the 2D curl of it, with ωint0 = ∂1v
int
0 − ∂2u

int
0 (which only depends on x and y), we

have

∂tω
int
0 + (uint0 · ∇)ωint0 = ∂zw

int
1 +3∂zj

int
3,1 (30)

which after a vertical integration, since ωint0 and u0 do not depend on z, gives the two-
dimensional limit equation

∂tω
int
0 + (uint0 .∇)ωint0 = wint1 (x, y, 1)− wint1 (x, y, 0) +3j int3,1 (x, y, 1)−3j int3,1 (x, y, 0). (31)

For 3 = 0 we recover the case of Ekman layers [12], as studied in [14]. We have now to
compute wint1 and j int3,1 on z = 0 and z = 1. For this we will study the boundary layers which
appear near z = 0 and z = 1. We will prove in the next section that

wint1 (x, y, 1)− wint1 (x, y, 0) +3j int3,1 (x, y, 1)−3j int3,1 (x, y, 0) = −βωint0

] "
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with

β =

√

2E

ε2 tan τ
2

where

tan
τ

2
=

1

3 +
√

1 +32
.

This will lead to the limit system on ωint0 (t, x, y)

∂tω
int
0 + (uint0 · ∇)ωint0 + βωint0 = 0 (32)

with div uint0 = 0, wint0 = 0, ωint0 = ∂1v
int
0 − ∂2u

int
0 and jint0 = 0. Notice that (32) has global

strong solutions for smooth initial data.

4.2. Boundary layers

Let us focus on the boundary layer near z = 0. Let ζ = z/λ and let uBL0 = (uBL0 , vBL0 , wBL0 ),
uBL1 = (uBL1 , vBL1 , wBL1 ), bBL0 = (bBL1,0 , b

BL
2,0 , b

BL
3,0 ), bBL1 = (bBL1,1 , b

BL
2,1 , b

BL
3,1 ), jBL1 =

(jBL1,1 , j
BL
2,1 , j

BL
3,1 ) with

lim
ζ=+∞

uBL0 = lim
ζ=+∞

uBL1 = lim
ζ=+∞

bBL0 = lim
ζ=+∞

bBL1 = lim
ζ=+∞

jBL1 = 0.

By incompressibility condition, ∂ζwBL0 = 0 hence

wBL0 = 0.

Moreover, in the boundary layer, (10) and (11) give

−vBL0 −
E

λ2
∂2
ζ u

BL
0 =

3

λ
∂ζb

BL
1,0 , ∂2

ζ b
BL
1,0 + λ∂ζu

BL
0 = 0, (33)

and

uBL0 −
E

λ2
∂2
ζ v

BL
0 =

3

λ
∂ζb

BL
2,0 , ∂2

ζ b
BL
2,0 + λ∂ζv

BL
0 = 0, (34)

hence, eliminating bBL1,0 and bBL2,0 , we obtain

−∂ζvBL0 −
E

λ2
∂3
ζ u

BL
0 = −3∂ζuBL0 , (35)

∂ζu
BL
0 −

E

λ2
∂3
ζ v

BL
0 = −3∂ζvBL0 . (36)

It follows A = ∂ζu
BL
0 + i∂ζvBL0 ∈ C is solution of

∂2
ζA = A

λ2

E
(3 + i). (37)

Defining τ by

cos τ =
3

√
1 +32

, and sin τ =
1

√
1 +32

,

recalling that A → 0 when ζ → +∞ and choosing

λ =
(

E

3

)
1
2

√
cos τ

cos τ2
=
√

2E tan
τ

2
, (38)

] 8
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we obtain

A(t, x, y, ζ ) = A(t, x, y, 0) exp
(

−ζ
(

1 + i tan
τ

2

))

,

tan
τ

2
=

1

3 +
√

1 +32
,

(39)

and

uBL0 (t, x, y, ζ ) + ivBL0 (t, x, y, ζ )

= (uBL0 (t, x, y, 0) + ivBL0 (t, x, y, 0)) exp
(

−ζ
(

1 + i tan
τ

2

))

. (40)

As a result, using uBL0 + uint0 = 0 at ζ = 0, we finally write

uBL0 (t, x, y, ζ ) = exp(−ζ )
{

−uint0 (t, x, y, 0) cos
(

ζ tan
τ

2

)

− vint0 (t, x, y, 0) sin
(

ζ tan
τ

2

)}

(41)

vBL0 (t, x, y, ζ ) = exp(−ζ )
{

uint0 (t, x, y, 0) sin
(

ζ tan
τ

2

)

− vint0 (t, x, y, 0) cos
(

ζ tan
τ

2

)}

.

(42)

Using the incompressibility condition

∂xu
BL
0 + ∂yv

BL
0 +

ε

λ
∂ζw

BL
1 = 0

we deduce

wBL1 (t, x, y, ζ ) = − exp(−ζ )ωint0 (t, x, y) sin
(

ζ tan
τ

2
+
τ

2

)√
Eε−2 sin τ . (43)

As wint1 + wBL1 = 0 at ζ = 0, we get the succion expression

wint1 (x, y, 0) = ωint0 (t, x, y) sin
(τ

2

)√
Eε−2 sin τ . (44)

Next, using (11), ∂2
ζ ζb

BL
0 = 0 and hence

bBL0 = 0.

Moreover, D = bBL1,1 + ibBL2,1 satisfies

∂2
ζD = −

λ

ε
A,

hence

D =
λ

ε

(uBL0 + ivBL0 )

1 + i tan τ
2

, (45)

and

bBL1,1 =
(

uBL0 cos
τ

2
+ vBL0 sin

τ

2

)√
Eε−2 sin τ , (46)

bBL2,1 =
(

−uBL0 sin
τ

2
+ vBL0 cos

τ

2

)√
Eε−2 sin τ . (47)

In other words, we have

bBL1,1 (t, x, y, ζ ) = exp(−ζ )
{

−uint0 (t, x, y, 0) cos
(τ

2
+ ζ tan

τ

2

)

− vint0 (t, x, y, 0) sin
(τ

2
+ ζ tan

τ

2

)}√
Eε−2 sin τ (48)

bBL2,1 (t, x, y, ζ ) = exp(−ζ )
{

uint0 (t, x, y, 0) sin
(τ

2
+ ζ tan

τ

2

)

− vint0 (t, x, y, 0) cos
(τ

2
+ ζ tan

τ

2

)}√
Eε−2 sin τ . (49)

] ]
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From (48), (49), we deduce that

jBL3,1 (t, x, y, ζ ) = − exp(−ζ )ωint0 (t, x, y) cos
(τ

2
+ ζ tan

τ

2

)√
Eε−2 sin τ , (50)

and using jBL3,1 + j int3,1 = 0 for ζ = 0, the currents entering the layer write

j int3,1 (t, x, y, 0) = ωint0 (t, x, y) cos
(τ

2

)√
Eε−2 sin τ . (51)

It follows that

(wint1 +3j int3,1 )(t, x, y, 0) = ωint0 (t, x, y)

√

E

2ε2 tan τ
2

. (52)

Let us observe that in the limit3 → 0, λ =
√

2E, β =
√

2E/ε2 and we recover classical
Ekman layers:

bBL1 ≡ 0,

uBL0 (t, x, y, ζ ) = exp(−ζ ){uBL0 (t, x, y, 0) cos ζ + vBL0 (t, x, y, 0) sin ζ }
vBL0 (t, x, y, ζ ) = exp(−ζ ){−uBL0 (t, x, y, 0) sin ζ − vBL0 (t, x, y, 0) cos ζ }.
On the other hand, in the limit when 3 → +∞, λ2 ∼ E/3 and one obtains Hartmann-type
layers

uBL0 (t, x, y, ζ ) = uBL0 (t, x, y, 0) exp(−ζ ), (53)

vBL0 (t, x, y, ζ ) = vBL0 (t, x, y, 0) exp(−ζ ), (54)

bBL1,1 =
λ

ε
uBL0 , bBL2,1 =

λ

ε
vBL0 . (55)

Observe that the Ekman succion (44) vanishes in this case, whereas the magnetic damping
(51) tends to infinity.

4.3. Construction of approximate solutions

It is now routine work to construct an approximate solution uappε , j
app
ε , b

app
ε starting from

uint0 and the boundary-layer terms constructed in the previous section (see for instance [14]
for details in the case of pure Ekman layer, and [6]). By approximate solutions, we mean
functions which match the boundary conditions, which satisfy the divergence free conditions,
and which satisfy (10) up to small error termsR1,ε, and (11) up toR2,ε, and moreover for every
t > 0, s > 5,

|R1,ε|L2(�) 6 Cε
1
2 ‖uint0 ‖H s (R2), (56)

|R2,ε|L2(�) 6 Cε
3
2 ‖uint0 ‖H s (R2), (57)

|uappε |L∞(�) + ε−1|bappε |L∞(�) 6 C‖uint0 ‖L∞(R2), (58)

|∂xuappε |L∞(�) + |∂yuappε |L∞(�) + |∂zwappε |L∞(�) 6 C‖uint0 ‖L∞(R2). (59)

We have to estimate

g(3) = sup
x,y

∣

∣

∣

∣

∫ 1/2

0
z|∂zuBL0 |dz

∣

∣

∣

∣

and similar integrals for 1
2 6 z 6 1, and with uBL0 replaced by vBL0 . Using (41) we get

∂zu
BL
0 = λ−1

(

uint0 − vint0 tan
τ

2

)

cos
(

ζ tan
τ

2

)

e−ζ

+λ−1
(

uint0 tan
τ

2
+ vint0

)

sin
(

ζ tan
τ

2

)

e−ζ

]q�
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and therefore

g(3) 6 λ

∣

∣

∣
uint0 − vint0 tan

τ

2

∣

∣

∣

∫ +∞

0
ζ

∣

∣

∣
cos

(

ζ tan
τ

2

)∣

∣

∣
e−ζ dζ

+λ
∣

∣

∣
uint0 tan

τ

2
+ vint0

∣

∣

∣

∫ +∞

0
ζ

∣

∣

∣
sin
(

ζ tan
τ

2

)∣

∣

∣
e−ζ dζ

6

√

1 + tan2
(τ

2

)

λ‖uint0 ‖L∞(R2)

∫ +∞

0
ζ
(∣

∣

∣
cos

(

ζ tan
τ

2

)∣

∣

∣

+
∣

∣

∣
sin
(

ζ tan
τ

2

)∣

∣

∣

)

e−ζ dζ.

Hence, as λ =
√

2E tan(τ/2),
∣

∣

∣

∣

∫ 1/2

0
z|∂zuBL0 | dz

∣

∣

∣

∣

6
√

2E‖uint0 ‖L∞(R2)4
(

tan
τ

2

)

. (60)

4.4. Slanted magnetic field and rotation

Let us consider in this section Ekman–Hartmann layers in an half-space, at a colatitude θ0,
with a uniform velocity field at infinity. The angle between the outward normal of the plane
and the rotation vector is therefore θ0. Letψ be the angle of the magnetic field with the normal
of the plane. Provided θ0 6= π/2 and ψ 6= π/2, the calculations of the boundary layers can be
carried out and the results are very similar to those of section 4.2. Let us present them in the
case θ ∈ [0, π/2): the size of the layer λ is now

λ =

√

2E

cos θ0
tan

τ ′

2
,

where

tan
τ ′

2
=

cos θ0

3 cos2 ψ + (32 cos4 ψ + cos2 θ0)1/2
.

Let

Res(3, θ) =
√

cos θ0

4
(

tan τ ′

2

) .

If we assume that the static magnetic field B0 is a pure axial dipole with internal sources, one
obtains

cosψ =
2 cos θ0

(1 + 3 cos2 θ0)
1
2

,

since B0 is proportional to 2 cos θ0er + sin θ0eθ0 in spherical coordinates. Up to the above
parameter changes, the boundary-layer expressions (41), (42), (48), (49) still hold in suitably
scaled coordinates.

Those expressions clearly degenerate at the equator. For θ0 = π/2 (see [12]) andψ = π/2
(see [22]), we do not study this singularity here, and will restrict our work to the values of θ0

such that the layer is well-defined by the above expressions (roughly θ0 < π/2 − E1/3).

5. Stability of mixed Ekman–Hartmann boundary layers

5.1. Time decay of limit solutions

The aim of this section is to prove that the maximum norm of the interior velocity uint

which is known to exist for all time (by a small modification of Youdovich argument) decays

] a
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exponentially in time. In terms of the vorticity ωint0 = curl uint0 , the limit system reads as a
damped two-dimensional Euler equation

∂tω
int
0 + (uint0 · ∇)ωint0 + βωint0 = 0 in D

′(R+
t × R

2) and ωint0|t=0 = ωint0,0.

As uint0 is divergence free, we have for all p ∈ [1,+∞]

|ωint0 (t, .)|Lp(R2) = |ωint0,0|Lp(R2)e
−βt .

Using the following classical estimates on commutators [17]

|[Dα, u∇]ω|L2 6 C(|ω|L∞ |u|H s+1 + |∇u|L∞ |ω|H s )

for |α| = s > 2, and assuming that div u = 0 and ω = curl u,

|∇u|L∞ 6 C(|ω|L∞ + |ω|L2) + Cs |ω|L∞ log+

(

|ω|H s

|ω|L∞

)

we deduce that for all fixed s ∈ N, s > 2

1

2

d

dt
|ωint0 (t, .)|2

H s (R2)
+ β|ωint0 (t, .)|2

H s (R2)

6 C(|ωint0 (t, .)|L∞(R2) + |∇uint0 |L∞(R2))|ωint0 (t, .)|2
H s (R2)

.

It follows that defining α by

α(t) = |ωint0 (t, .)|H s (R2)e
βt , (61)

we observe that

α(t) 6 α(0) + C
∫ t

0
e−βsα(s)

×

(

|ωint0,0|L∞(R2) log+

(

α(s)

|ωint0,0|L∞(R2)

)

+ |ωint0,0|L∞(R2) + |ωint0,0|L2(R2)

)

ds. (62)

Let A = |ωint0,0|L2(R2), let B = |ωint0,0|L∞ + |ωint0,0|L2(R2), and let ψ(t) be the right-hand side of
(62). We have

ψ̇(t) 6 C exp(−βt)ψ(t)
(

A log+

(

ψ(t)

A

)

+ B

)

therefore
∫ ψ(t)/A

ψ(0)/A

du

u(log+ u + BA−1)
6

∫ t

0
CA exp(−βs) 6 CAβ−1. (63)

But u log u is not integrable near +∞, therefore (63) bounds ψ(t) and therefore α(t) using
(62) in terms of |ωint0,0|L2(R2) and |ωint0,0|L∞ which gives theorem 3.2.

5.2. Proof of the stability result

We will only prove theorem 3.4, the proof of theorem 3.3 being similar and easier. Denoting
v = uε − u

app
ε , e = Eε − E

app
ε , and m = bε − b

app
ε , we obtain

∂tv + uε · ∇v + v · ∇uappε −
E

ε
1v + ∇π +

e3 × v

ε

=
3

ε
curl m × e3 +

3θ

ε

(

bε.∇m + m.∇bappε
)

− R1,ε, (64)

div v = 0, div m = 0, and v|∂� ≡ 0, (65)

]��
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and

∂tm + uε.∇m + v · ∇bappε − bε · ∇v − m · ∇uappε =
1

θ
1m −

1

θ
curl (v × e3)− R2,ε, (66)

whereas in �c, we simply have

curl m = 0, curl e = −θ∂tm, div m = 0 and div e = 0. (67)

We recall estimates (56)–(60) for all time t > 0. In order to obtain energy bounds, we multiply
(64) by v and (66) by m3θ/ε to get

d

dt

∫

�

1

2

(

|v|2 +
3θ

ε
|m|2

)

dx +
E

ε

∫

�

|∇v|2 dx +
3

ε

∫

�

|curl m|2 dx

+
3

ε

∫

∂�

(curl m × m) · n 6 |R1,ε|L2(�)|v|L2(�) +
3θ

ε
|R2,ε|L2(�)|m|L2(�)

+

∣

∣

∣

∣

∫

�

(

3θ

ε
mimk + vivk

)

∂iu
app

k,ε dx

∣

∣

∣

∣

+

∣

∣

∣

∣

∫

�

3θ

ε

(

mivk + mkvi

)

∂ib
app

k,ε dx

∣

∣

∣

∣

,

where n denotes the outward normal to�. Next, we observe using the fact that v vanishes on
∂�

∫

�

mimk∂iu
app

k,ε dx = −
∫

�

u
app

k,ε mi(∂imk − ∂kmi) dx,

hence
∣

∣

∣

∣

∫

�

3θ

ε
mimk∂iu

app

k,ε dx

∣

∣

∣

∣

6 C
3θ

ε
|curl m|L2(�)|m|L2(�)00 exp(−βt),

6 κ
3

ε
|curl m|2

L2(�)
+ Cκ0

2
0
3θ2

ε
|m|2

L2(�)
exp(−2βt).

Similarly, we have
∫

�

(mivk + mkvi)∂ib
app

k,ε dx =
∫

�

b
app

k,ε (mi(∂kvi − ∂ivk) + vi(∂kmi − ∂imk)) dx

hence
∣

∣

∣

∣

∫

�

3θ

ε
(mivk + mkvi)∂ib

app

k,ε dx

∣

∣

∣

∣

6 3θ(|m|L2(�)|∇v|L2(�) + |v|L2(�)|curl m|L2(�)) exp(−βt),

6
κE

ε
|∇v|2

L2(�)
+ κ

3

ε
|curl m|2

L2(�)
+ Cκ

3θ

ε
|m|2

L2(�)
3θ

ε2

E
exp(−2βt)

+Cκε3θ
2|v|2

L2(�)
exp(−2βt).

The last term involving the velocity v is estimated as in [6, 14]. Namely, for i = x, y and
arbitrary k, and for i = k = z, using (58), (59),

∣

∣

∣

∣

∫

�

vivk∂iu
app

k,ε dx

∣

∣

∣

∣

6 C0s |v|2
L2(�)

exp(−βt).

It remains to handle the case i = z and k = x, y. For this, we first remark that
∣

∣

∣

∣

∫

�

vivk∂i(u
app
ε − uBLε )

∣

∣

∣

∣

6 C3s exp(−βt)|v|2
L2 .

]��
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Moreover,
∣

∣

∣

∣

∫

R2×[0,1/2]
v3v1∂zu

BL
ε dx dy dz

∣

∣

∣

∣

=
∣

∣

∣

∣

∫

R2×[0,1/2]

(∫ z

0
∂zv3(t, x, y, z

′) dz′
)

×
(∫ z

0
∂zv1(t, x, y, z

′) dz′
)

∂zu
BL
ε dx dy dz

∣

∣

∣

∣

6

√

∫ 1/2

0

∫

R2
|∂zv3|2 dx dy dz

√

∫ 1/2

0

∫

R2
|∂zv1|2 dx dy dz sup

(x,y)∈R2

×
∣

∣

∣

∣

∫ 1/2

0
z|∂zuBLε | dz

∣

∣

∣

∣

6 ‖∂zv3‖L2(R2×[0,1/2])‖∂zv1‖L2(R2×[0,1/2])‖uint0 ‖L∞(R2)

√
2E4

(

tan
τ

2

)

6

(

1

2
√

2
‖∂zv3‖2

L2(R2×[0,1/2]) +
1

√
2
‖∂zv1‖2

L2(R2×[0,1/2])

)

×‖uint0 ‖L∞(R2)

√
2E4

(

tan
τ

2

)

and similarly for i = z and k = y. Therefore,
∣

∣

∣

∣

∫

R2×[0,1]
v3v1∂zu

BL
ε dx dy dz

∣

∣

∣

∣

+

∣

∣

∣

∣

∫

R2×[0,1]
v3v2∂zv

BL
ε dx dy dz

∣

∣

∣

∣

6 ‖∇v‖2
L2(�)

‖uint0 ‖L∞(R2)

√
E4

(

tan
τ

2

)

6
√
E4

(

tan
τ

2

)

‖∇v‖2
L2(�)

0s exp(−βt)

where we used theorem 3.2. Thus, finally using the equations (67) in �c, we obtain
3θ

ε

∫

∂�

(curl m × m) · n =
3θ

ε

∫

∂�

(e × m) · n = −
3θ

ε

∫

�c
div (e × m) dx

=
3θ2

2ε

d

dt

∫

�c
|m|2 dx,

so that we can estimate the energy in the whole space R
3

d

dt

(∫

�

1

2
|v|2 +

3θ

2ε

∫

�

|m|2 dx +
3θ2

2ε

∫

�c
|m|2 dx

)

+
E

ε

∫

�

|∇v|2 dx

+
3

ε

∫

�

|curl m|2 dx

6 C

(

|v|2
L2(�)

(1 + ε3θ2) +
3θ

ε
|m|2

L2(�)
θ

(

1 +3
ε2

E

)

+ ε

)

exp(−βt)

+

(

0s
√
E4

(

tan
τ

2

)

+ 2κ
E

ε

)

|∇v|2
L2(�)

+ 2κ
3

ε
|curl m|2

L2(�)
.

Therefore, if (22) is satisfied, and for κ small enough we have the global estimate

sup
t>0

(

|v(t, .)|2
L2(�)

+
3θ

ε
|m(t, .)|2

L2(�)
+
3θ2

ε
|m(t, .)|2

L2(�c)

)

+κ ′E

ε

∫ +∞

0
|∇v|2

L2(�)
ds + κ ′3

ε

∫ +∞

0
|curl m|2

L2(�)
ds

6 Cβ

(

|v(0, )̇|2
L2(�)

+
3θ

ε
|m(0, .)|2

L2(�)
+
3θ2

ε
|m(0, .)|2

L2(�c)
+ ε

)

�$#
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for some constant depending on β, and for κ ′ arbitrary close to 1.

5.3. Global strong solutions for the Navier–Stokes equations for small enough ε

Hereafter, we focus on the case when b ≡ 0 which correspond to the rotating incompressible
Navier–Stokes equations between two parallel plates. As proven in [2, 4] in the three-
dimensional periodic case, large enough Rossby numbers ε yield global classical solutions
for the Navier–Stokes equations for suitable initial conditions. We want here to prove that this
result holds for the boundary-value problem.

As in the above section, we define v = uε − u
app
ε solution of

∂tv + v · ∇v + ∇π −
1

Re
1v = Lε, div v = 0, (68)

where

Lε = −
e3 × v

ε
− v · ∇uappε − uappε · ∇v + RNε (69)

with

|RNε |L2(�) 6 CεN+ 1
2 e−βt , (70)

where N is a given integer such that N > 3. If the stability criterion is satisfied, we obtain
when Re = ε−1CRe for some constant CRe,

sup
t>0

|v(t, .)|2
L2(�)

+
1

Re

∫ +∞

0
|∇v|2

L2(�)
ds 6 C|v(0, .)|2

L2(�)
+ Cε2N+1 = K0

ε . (71)

In order to prove that uε is smooth whenever ε is small enough, we proceed as in [9] in
the context of two-dimensional multiphase MHD flows. First, we multiply (68) by ∂tv and
integrate by parts as follows
∫ t

0
|∂tv|2

L2(�)
ds +

1

2Re
|∇v(t, .)|2

L2(�)
6

1

2Re
|∇v(0, .)|2

L2(�)
+

1

2

∫ t

0
|∂tv|2

L2 ds

+C
∫ t

0
(|Lε|2L2(�)

+ |v∇v|2
L2) ds

hence
∫ t

0
|∂tv|2

L2(�)
ds +

1

Re
|∇v(t, .)|2

L2(�)
6

1

Re
|∇v(0, .)|2

L2(�)
+ C

∫ t

0
|Lε|2L2(�)

ds

+C
∫ t

0
|v|2

L4(�)
|∇v|2

L4(�)
ds. (72)

Rewriting (68) as a Stokes equation

−
1

Re
1v + ∇π = Lε − v.∇v − ∂tv, div v = 0, and v = 0 on ∂�,

classical estimates yield

1

Re2
|D2v|2

L2(�)
6 C(|∂tv|2

L2(�)
+ |Lε|2L2(�)

+ |v · ∇v|2
L2(�)

).

Combining with (72) we get
∫ t

0

(

|∂tv|2
L2 +

|D2v|2
L2

Re2

)

ds +
1

Re
|∇v(t, .)|2

L2 6
C

Re
|∇v(0, .)|2

L2

+C
∫ t

0
(|v|2

L4 |∇v|2
L4 + |Lε|2L2) ds. (73)

�¸·
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Combining the following two Gagliardo–Nirenberg inequalities,

|v|2
L4 6 C|v|1/2

L2 |∇v|3/2
L2

and

|∇v|2
L4 6 C|∇v|1/2

L2 (|∇v|L2 + |D2v|L2)3/2

we deduce that for all κ > 0

|v|2
L4(�)

|∇v|2
L4(�)

6
κ

Re2
(|D2v|2

L2(�)
+ |∇v|2

L2(�)
) + CκRe

6|v|2
L2(�)

|∇v|8
L2(�)

.

Next, we observe that arguing as in the preceding section, we can estimate

|v · ∇uappε |2
L2(�)

+ |uappε .∇v|2
L2(�)

6 C|∇v|2
L2(�)

exp(−2βt)

which leads to

|Lε|2L2 6 C|∇v|2
L2 exp(−2βt) + C

|v|2
L2

ε2
+ Cε2N+1 exp(−2βt).

As a result, we obtain using the Poincaré lemma, for ε 6 1,
∫ t

0

(

|∂tv|2
L2(�)

+
1

Re2
|D2v|2

L2(�)

)

ds +
1

Re
|∇v(t, .)|2

L2(�)
6
C

Re
|∇v(0, .)|2

L2(�)

+
C

Re6

∫ t

0
|v|2

L2 |∇v|8
L2 ds + C

∫ t

0

|∇v|2
L2

ε2
ds + Cε2N+1.

Using the Poincaré lemma and |v(t, .)|2
L2 6 K0

ε we get
∫ t

0

(

|∂tv|2
L2(�)

+
1

Re2
|D2v|2

L2(�)

)

ds +
1

Re
|∇v(t, .)|2

L2(�)
6
C

Re
|∇v(0, .)|2

L2

+CRe10Kε
0

∫ t

0

(

|∇v|2
L2

Re

)4

ds + C
Re

ε2
Kε

0 + Cε2N+1

6 C
|∇v(0, .)|2

L2

Re
+
CKε

0

ε10

∫ t

0

(

|∇v|2
L2

Re

)4

ds +
CKε

0

ε3
.

Let

α(t) =
|∇v(t, .)|2

L2

Re
,

C0 = C
|∇v(0, .)|2

L2

Re
+
CKε

0

ε3
,

C1 =
CKε

0

ε10

and

ψ(t) = C0 + C1

∫ t

0
α4 ds.

We have

α 6 C0 + C1

∫ t

0
α4 ds

therefore,

ψ̇ 6 C1αψ
3

� �
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hence

ψ(t) 6 ψ(0)

(

1 − 2ψ(0)2C1

∫ +∞

0
α ds

)−1/2

which bounds ψ(t) in terms of ψ(0) provided

2ψ(0)2C1

∫ +∞

0
α ds 6 1/2

that is provided
(

|∇v(0, .)|2
L2

Re
+
Kε

0

ε3

)2

Kε
0

Kε
0

ε10
6 C∞

where C∞ is some universal constant, or equivalently provided

|∇v(0, .)|2
L2 +

Kε
0

ε4
6 C∞

which ends the proof. Notice that the uniqueness property is a straightforward consequence
of the above regularity. Besides, additional bounds can be obtained by deriving the equation
in time and integrating by parts, but no further details will be given here.

5.4. Proof of theorem 3.1

To prove theorem 3.1 just follow section 5.2 and notice that the term (v · ∇)us reduces to
v3∂zus which can be absorbed in the viscosity exactly as in section 5.2 leading to the fact that
∫

|v|2 + 3θ
ε

∫

|m|2 is decreasing.
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W
�

e propose a new scheme for the pressure treatment in computations of incom-
pressible flow using a colocated grid arrangement. To avoid oscillations associated
with the sparse non-compact stencil, we introduce a compact fourth-order equivalent
of this stencil and study its advantages over the classical second-order averaging
procedure. c�

�
1999 Academic Press

Key Words: compact� differencing; incompressible Navier–Stokes equation; velocity-
pressure decoupling.

1. INTRODUCTION

When
	

computing incompressible Navier–Stokes equations on a non-staggered (colo-
cated)
 grid, a Poisson equation is to be solved for the pressure (or pseudo pressure in the
fractional step formalism). The numerical instability, often referred to as the “checkerboard
problem”� or “odd–even decoupling problem” then has to be addressed. This problem arises
when� second-order central difference approximations are implemented for both the pressure
gradient operator in the momentum equation and the divergence operator in the continuity
equation� (or, with the cell centered finite volume formalism, if fluxes are obtained by cen-
tral
�

differencing), and when the discrete Poisson equation is defined, in a consistent and
conserv� ative manner, as the product of these two operators [1, 2]. This Poisson equation cor-
responds to a non-compact sparse stencil and produces an oscillatory pressure field. Various
approaches� have been used to overcome this difficulty. Van der Wijngaart [3] proposed to fil-
ter
�

out the oscillations. To introduce a coupling term, Russel and Abdallah [4] increased the
order� of the divergence operator at the cost of an enlargement of the stencil for the discrete
Laplace operator. The most common approach (here referred to as “compact averaged”)
in
�

volves the derivation of a non-conservative compact pressure Poisson equation [2, 5–7].
This modification is introduced differently depending on the way the pressure is treated
in
�

the time integration. It can be understood as a smoothing of the pressure field through
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COMPACT TREATMENT FOR COLOCATED VARIABLES 677
�

an� artificial dissipation. The energy conserving property of the scheme is destroyed in this
process.� The error thus introduced in the discrete continuity equation is proportional to the
fourth-order derivatives of the pressure [8]. The idea of the present method is to introduce
a� fourth-order “compact equivalent” to the conservative discrete pressure equation.

2. GENERAL METHODOLOGY

In the following, we will present the method using the fractional step formalism (first-
order� accurate in time [9]), though it can probably be generalized to the pressure correction
approach� or other schemes. We will thus suppose a velocity field u��� ,	 which does not satisfy
the



continuity equation (for instance obtained by time-advancing the Navier–Stokes equa-
tions
�

without invoking continuity) and we want to project it onto a divergence-free field by
subtracting� the gradient of a pressure-like variable  so� that

u��� u������� h
����� (1)

�

T
�

aking the divergence of this equation and requiring u� to
 

satisfy the continuity equation
gi! ves

"
2
#

h
$�%'&)(

h
*,+ u-�.0/ (2)

1

where2 3
2
4

h
5 stands6 for the second-order centered approximation of the Laplacian skipping

the
7

neighboring points (as represented on Fig. 1a). The sparse nature of this operator leads to
pressure8 oscillations. A possible remedy to this problem is to interpolate variables linearly,
which9 leads to a second-order approximation of (2)

:
h
;=<?>)@

h
ACB uDFE0G (3)

H

W
I

e will refer to this in the sequel as the “compact averaged” scheme. This scheme can be
interpreted
J

as adding a second-order dissipative term to the pressure in order to damp the
oscillations.K In the following we will derive fourth-order compact equivalents of (2).

FIG.
L

1. Computational molecules for the three-dimensional pressure equation; only the black points are used
for the computation. (a) The M 2h operator, being defined as the product of numerical divergence of the gradient,
accurate but oscillating. (b) The 7 points compact operator obtained by interpolation. (c) The 19 points fourth-order
compact equivalent operator.
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2.1. One Dimension Compact Derivation

Using
�

the expression of truncation error for the second-order finite difference scheme

�
h
�����	� 2 
�

x� 2  h
� 2

12

� 4 ��
x� 4 � ���

h
� 4 ��� (4)

�

one� easily derives the second-order error introduced in replacing (2) with (3):

�
h
� �"!$#

2
%

h
&�')( h

* 2
+

4

, 4
-/.
0

x1 4
2436587 h9 4

:/;�<
(5)
=

The error thus introduced is of the same order as the one for the discretization scheme
(see
>

[2, 4]). However, the discrete Laplacian is only a second-order estimate of the discrete
di
?

vergence of the gradient. Using the fractional step procedure described above (see [10,
11, 9]) thus leads to a modified velocity field in which numerical errors in the divergence
are@ significantly higher than roundoff error.

The
A

consistent derivation of the pressure-like equation gives

B
2
C

h
D EGF$H

h
IKJ uLNMPO (6)

Q
R 2 ST

xU 2 V h
W 2

3
X

Y 4 Z[
x\ 4 ] ^

h
_K` uaNbdcfe�g hh 4 ikj (7)

l

Using
m

a Hermitian compact expression one can derive a fourth-order approximation of
Eq.
n

(7),

o
h
p�q�r h

s 2

4

t 4 uv
xw 4 x y

h
z|{ u}�~d�f��� h� 4 ��� (8)

�

�
h
���)� I � h

� 2

4
��� h

� ���
h
�|� u�N�����f��� h� 4

�/�� 
(9)
¡

where¢ I stand£ for the identity operator.
Note
¤

that this compact scheme was not derived to increase the accuracy of the continuous
operator¥ approximation as is the case for other compact formulations [12–18]. Instead it
is
¦

derived to approximate to a higher accuracy the conservative non-compact stencil. The
compact§ scheme we propose (9) is still second-order accurate, but has the same second-order
beha
¨

vior as the conservative sparse stencil (6). The overall accuracy of the discretization
is thus second-order in space and first-order in time, but the dilatation effects associated
with© the non-conservative treatment of the pressure are reduced to a fourth order. Note that
this
ª

approach also shares some similarity with what is refered to as “improving the order
of« approximation” in the Support Operator formalism [19].

2.2. Three-Dimensions Generalization

The
¬

idea of the previous paragraph can be adapted to three-dimensional problems, though
this


is not straightforward. The original non-compact formulation can be written as

® 2
¯±°
²

x³ 2
´¶µ h

· 2
¸
x¹

3
º

» 4
¼/½
¾

x¿ 4
ÀÂÁ�Ã h

Ä 4
Å
xÆ Ç

È 2
É/Ê
Ë

yÌ 2
ÍdÎ h

Ï 2
Ð
yÑ

3
Ò

Ó 4
Ô/Õ
Ö

y× 4
ØÚÙ�Û h

Ü 4
Ý
yÞ ß

à 2
á/â
ã

zä 2
åçæ h

è 2
é
zê

3
ë

ì 4
í/î
ï

zð 4
ñçò8ó h

ô 4
õ
zö ÷fø h

ùûú uü�ýÿþ (10)
�

Note
�

that the second-order terms cannot be easily expressed in terms of � h
��� u��� .
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�

2.2.1. Single
�

Step Procedure

Following the method used by Spotz and Carey [15] (but with a non-uniform grid) a
compact� fourth-order approximation to (10) can be derived in the form

�
x�����
	 y����
� z����� 1

4
��� x� h

� 2
�
y��� y�! �" h

# 2
$
z%'& z(�) * 1

4
+�, y- h

. 2
/
x021 x354�6 h

7 2
8
z9;: z<�=

> 1

4
?�@ zA h

B 2
C
xD2E xF5G�H h

I 2
J
yK�L yMN O I

PRQ h
S 2
T
xU

4
VXW xY[Z h

\ 2
]
y^

4
_a` ybdc h

e 2
f
zg

4
hji zk lnm h

oRp uqsrutwv (11)
x

wherey z
x{}|�~ y�'�;� z� stand� for the h

�
-discrete three point Laplace scheme respectively in the

x��� y� ,� and z� directions.
�

Notice that this expression not only involves a modification of the
right-hand side (rhs), but also a modification of the operator on the left-hand side (lhs), with
the
�

addition of extra diagonal terms. The corresponding 19 points computational� molecule
is displayed in Fig. 1c.

2.2.2.
�

T
�
wo Step Procedure

The
�

previous approach corresponds to a direct adaptation of the one-dimensional idea
to
�

the three-dimensional case. It achieves fourth-order accuracy, but only at the cost of a
modification� of the lhs itself for the treatment of cross derivatives. In two spatial dimensions
this
�

would only increase the stencil from five to nine points. In three space dimensions
however this increase is much more important as the standard seven-points stencil has to
be
�

modified to a nineteen-points molecule. This significantly increases the computational
time
�

required. It was found (see Subsection 3.1) that the number of iterations to resolve this
problem� with a CGSTAB algorithm [20] is about three times that required by the nine-points
scheme.�

W
�

e propose here an alternative two-step approach that allows fourth-order accuracy at
twice
�

the computational cost of the second-order interpolated scheme. Equation (10) can
be
�

approximated with fourth-order accuracy using a two-step procedure. The first step is a
second� order approximation to the second-order truncation terms written as

�
h
���¡  h

¢ 2
£
x¤
¥ 4

¦
x§ 4 ¨ h

© 2
ª
y«
¬ 4


y® 4 ¯ h

° 2
±
z²
³ 4

´
zµ 4

¶
h
·¹¸ uº¼»;½ (12)

¾

T
¿

echnically, evaluation of the rhs of (12) involves higher order derivatives of À h
ÁÃÂ uÄsÅ whichÆ

implicates larger stencils (five-point stencils in 1D).
A
Ç

second step uses È asÉ a correction term:

Ê
h
Ë�ÌÎÍÐÏ

h
Ñ¹Ò uÓ¼ÔÃÕ 1

4
ÖØ×ÚÙ (13)

Û

Note
Ü

that Ý scalesÞ as ß�à há 2
â!ã

andä that (13) is thus consistent with (2).
The
å

pressure thus defined satisfies (2) to the fourth-order (as with the previous method)
andæ the computational cost is exactly twice the cost of the second order scheme as each of
the
ç

steps requires the resolution of a seven-points compact Laplace operator (of the form
displayed
è

in Fig. 1b).
Though
é

the lhs stencils are simple and compact, the rhs of the first step involves a non-
compactê stencil. However, this does not increase the numerical cost as this term does not
needë to be inverted.
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3.
�

NUMERICAL EXAMPLES

3.1.
�

One-Dimensional
�

Function

Though
�

incompressible flow in one dimension of space is a rather limited notion, we
w� ant to test the ability of the scheme on a simple problem. Let us assume a velocity field
u��� of	 the form

u
��� sin��� 4��� x����� x��� [0 � 1] � (14)
�

Application of the procedure described in Subsection 2.1 to this one-dimensional function
should� obviously lead to

u "! u#�$&%('
h
)+*-, 0

.0/
(15)
1

The compact fourth-order scheme used here (9) is defined implicitly as

1

h
2

2

354
i 6 1 7 2 8 i 9�: i ; 1 <>= 1

4
?A@

h
BDC uEGFIH i J 1 K 1

2
LNM

h
ODP uQ�RIS i T 1

4
UNV

h
WDX uY�Z\[ i ] 1 ^ (16)

_

W
`

e report in Table I the errors (defined as the maximum of the absolute value of a h
b&c ud )

e
withf varying discretizations, solutions are represented in Fig. 2. The orders of the various
schemesg are vindicated.

It should be noted that, in one dimension, the compact scheme only requires an additional
multiplicationh by a tridiagonal matrix on the rhs (as compared with the compact averaged
scheme).i The computational cost of the compact equivalent scheme is thus very similar to
that
j

of the compact averaged approach.

3.2.
k

Thr
l

ee-Dimensional Flow

W
m

e have constructed a code for the purpose of studying three-dimensional rapidly rotating
magnetohydrodynamic buoyancy-driven turbulence. It is known [24] that buoyancy-affected
flo
n

ws require a fine pressure-velocity coupling. Furthermore, in the physical problem that
motivated this work, we expect from previous studies [21] plate-like shear zones. It is
important
o

to compute gradients in these regions accurately. This motivated the choice of

TABLE I

Errors (Maximum of the Absolute Value) in the Numerical

Divergence with Varying Grid Sizes (N
p

)

N
q

C.A. C.E.

20 1.12 0.11
40
r

0.30 7.4 s 10 t 3

80 7.70 u 10 v 2 4.74
w x

10 y 4

160 1.93 z 10 { 2 2.98 | 10 } 5

320 4.84 ~ 10 � 3 1.86 � 10 � 6

Note
�

. As expected, the compact averaged scheme’s error (C.A.) evolves
as 1 � N

� 2, while the fourth-order compact equivalent scheme’s error (C.E.)
evolves as 1� N

� 4. The solution derived using the sparse non-compact
scheme is of the order of the numerical zero (about 10 � 13).

� �



COMPACT TREATMENT FOR COLOCATED VARIABLES 681
�

FIG.
�

2. Starting with a velocity field u��� , which does not satisfy the continuity condition, we want to compute
the
�

velocity field u by
�

subtracting the gradient of a pseudo-pressure. This is done by solving a discrete Poisson
equation, using for u1 the

�
natural expression � 2h (accurate but leading to oscillations); for u2 the

	
compact averaged

scheme 
 h ; for u3 the
�

fourth-order compact equivalent of � 2h . Errors when varying the discretization are reported
in Table I.

colocated variables though the geometry is rather simple. In a work in preparation, we test
adaptations� of the ENO scheme [22, 23] for advective transport on incompressible flows.
This also motivated the development of the present equivalent scheme for the pressure
gradient.�

W
�

e use here our code with no magnetic field and no rotation and we study a simple laminar
b
�
uoyancy-driven flow of a Boussinesq fluid in a fully periodic domain. Time integration is

performed� using the optimal second-order TVD (total variation diminishing) Runge–Kutta
method� [23] (see also [11]). We report here some results obtained with the above described
scheme.�

Figure
�

3 displays the time evolution of the divergence after each full time step. The single
step� compact equivalent approach is found to give accurate results in three dimensions.
The
�

single step procedure leads with a 50 � 50
���

25
�

grid to a decrease of the error in the
numerical divergence of a coefficient about 14. This method led to a significant increase of
the
�

required CPU time (about a factor three with the compact averaged scheme). The two-
step� algorithm is found to give slightly better and more regular results (probably because we
achie� ve a better resolution of the seven-point stencil with our iterative solver). As expected
it requires twice the computational time of the compact averaged method, although it was
found
 

numerically that ! does
"

not need to be computed with as great an accuracy as # .
Relaxing the precision constraint on $ we% were able to obtain a fourth-order accurate
solution& with only 50% more time than the second-order averaged computation.

4. CONCLUSION

W
'

e introduced a compact fourth-order equivalent of the pressure equation for the discrete
resolution( of the incompressible Navier–Stokes equation. This approach suppresses the

a #
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FIG.
�

3. T
�

ime evolution of the numerical divergence in three-dimensional simulations of a buoyancy driven
convective flow (resolution is 50 � 50 � 25 � . The computation starts with a flow computed using the C.A. method.
Inte

�
gration with the C.A. method gives the solid line curve. Introduction of the mass matrix of the single step fourth-

order compact equivalent scheme improves the solution a little, though the overall accuracy is still second order
(dashed curve). Modification of the operator to obtain fourth-order accuracy requires a stronger computational
effort but yields much better results (bold curve). Finally the two-step method (dashed bold) gives as good (if not
better)

�
results for a lower computational effort. None of these simulations is oscillating because of the compact

nature� of the operators used.

spatial	 odd–even decoupling of the pressure field without adding a second-order damping
term



(as was previously the case). This significantly reduces the residual errors in the discrete
continuity� equation.

Three-dimensional simulations have been performed and this approach has been shown
to
�

give satisfactory results at a reasonable computational cost (using a two-step algorithm)
for the fully periodic buoyancy driven flow that motivated this study.

Further


important issues remain to be addressed about the scheme introduced here, such
as� the treatment of boundary conditions (e.g., see [25]) as well as the generalization of this
technique
�

to unstructured grids.
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Abstract

Our aim is to investigate the instability of mixed Ekman–Hartmann boundary layers arising in rotating incompressible

magnetohydrodynamics flows in a parameter regime relevant to the Earth liquid core. We perform a local study in a half

space at a given co-latitude θ �= π/2, and assume a mean dipolar axial magnetic field with internal sources. Instabilities are

driven, for high enough Reynolds number, by the quadratic term in the momentum equation. Following the work of Lilly [J.

Atmos. Sci. 23 (1966) 481], we restrict our analysis to the linearized growth phase. We describe the dependence of the critical

Reynolds number in terms of θ and Elsasser number (measuring the relative strength of Lorentz and Coriolis terms). It is

found that no matter how large the Elsasser number is, there exists a critical band centered on the equator in which instabilities

can occur. For geophysically relevant values of parameters, this band extends over some 45◦ away from the equator. This

study establishes the possibility of boundary layer instabilities near the core–mantle boundary. © 2001 Elsevier Science B.V.

All rights reserved.

Keywords: Core–mantle boundary; Ekman–Hartmann layers; Earth core dynamics

1. Introduction

The magnetohydrodynamic flow in the Earth’s core

is believed to support a self excited dynamo process

responsible for the Earth’s magnetic field. Though

one has very few means of access to the deep interior

of our planet, most of the parameters characterizing

the dynamics in the core are relatively well known

(Poirier, 1991, 1994). One can model the Earth’s core

by a spherical shell, filled with a conducting fluid

of density ρ, kinematic viscosity ν, conductivity σ ,

which rotates rapidly with angular velocity Ω . We

∗ Corresponding author.

E-mail address: dormy@ipgp.jussieu.fr (E. Dormy).

will only consider here phenomena occurring close

to the outer bounding sphere. Important parameters

are the Ekman number E, the Rossby number ε, the

Elsasser number Λ and the magnetic Reynolds num-

ber Rm. These are defined introducing the magnetic

diffusivity η = (σµ0)
−1, a typical velocity U, length

scale L and magnetic field B as

E =
ν

2ΩL2
, ε =

U

2ΩL
,

Λ =
B2

2Ωρµ0η
, Rm =

UL

η
. (1)

The role of boundary layers on the dynamics of the

core and on the geodynamo is usually thought to be

0031-9201/01/$ – see front matter © 2001 Elsevier Science B.V. All rights reserved.
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small. The laminar Ekman layer effect on the main

flow, through the Ekman suction, scales as E1/2. The

Ekman suction is even reduced by magnetic effects

(Acheson and Hide, 1973). This would of course be

very different if the boundary layers happened to be

unstable (they could then extend over a larger do-

main and would most probably affect the main flow).

Recent studies showed that pure Ekman layer insta-

bilities could indeed produce field generation and

act as a dynamo (Ponty et al., 2000). In the last few

years, numerous numerical models of self excited dy-

namos have been proposed (see Dormy et al. (2000)

for a review). Among these models, some suppressed

boundary layers using stress-free boundary conditions

(Busse et al., 1999; Christensen et al., 1999; Katayama

et al., 1999; Kuang and Bloxham, 1997, 1999).

This was proven to strongly modify the moderate

Ekman number solutions with a conducting inner











∂tu + u · �u +
�p

ε
+

eΩ × u

ε
−
E

ε
�u =

Λ

εRm
curl B × B

∂tB = curl(u × B)+
1

Rm
�B, div B = 0, div u = 0

(2)

core (Kuang and Bloxham, 1997; Christensen et al.,

1999). Suppression of these boundary layers is based

on the assumption that they are stable, and thus, small

and negligible. Other numerical models retained the

Ekman layers and observed a large field induction in

laminar layers near the core–mantle boundary (CMB)

for moderate values of the Ekman number (Sakuraba

and Kono, 1999). The evidence of instabilities of these

layers would shed some new light on the flow near the

CMB, but also on numerical models for the dynamo.

We present a linearized study for instability of

the mixed Ekman–Hartmann boundary layers in ro-

tating incompressible magnetohydrodynamic flows.

It is known (Gilman, 1971) that Ekman–Hartmann

layer (as the Ekman layer and the Hartmann layer)

are unstable to two-dimensional rolls for sufficiently

high Reynolds numbers. The purpose of this work

is to extend previous instability studies (Leibovich

and Lele, 1985; Lilly, 1966; Gilman, 1971), to in-

compressible MHD flows near a spherical boundary

at a given co-latitude θ ∈ [0, π/2) for dipolar static

magnetic field. The Reynolds number at which these

instabilities occur, as well as the details of these insta-

bilities, are the subject of this article. The possibility

for such instabilities to occur near the CMB will then

be discussed.

2. Model description

2.1. Laminar Ekman–Hartmann boundary layer

We focus in this study to the parameter range rel-

evant for the Earth’s core, and in particular small

value of the magnetic Prandtl number (ERmε
−1). We

perform a local analysis at a given co-latitude, assum-

ing a dipolar axial mean magnetic field with internal

sources. More precisely, we consider a half space D

filed with an incompressible conducting fluid gov-

erned by the Navier–Stokes equations coupled with

the induction equation

where eΩ denotes the constant unit vector in the

direction of rotation, B the magnetic field, and E =

(curl B)/Rm − u × B the electric field.

Outside the shell (Dc), the mantle is considered to

be an electrical insulator and the magnetic field is thus

assumed to be harmonic

curl B = 0, curl E = −∂tB,

div E = 0, div B = 0. (3)

At the CMB ∂D, we require the velocity of the fluid

to vanish and the tangential component of the electric

field and magnetic field to be continuous.

We consider in the sequel the following orderings

for ε, Λ, Rm, E

ε → 0, Λ ∼ O(1), εRm → 0, E ∼ ε2. (4)

These limits are relevant to the Earth’s core (Dormy

et al., 1998; Desjardins et al., 1999).

We define our frame of reference (x, y, z) with x

in the e1 direction (co-latitude), y in the e2 direction

(longitude) and z in the e3 direction (radial direction)

(see Fig. 1).

We also assume that the direction of the static

magnetic field B0 varies in latitude as a pure axial

· ·!�
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Fig. 1. Geometry of the local study. Rotation vector and magnetic

field, respectively, make an angle θ and ψ with the normal to

the boundary. Traveling wave solutions are sought for an external

velocity U∞. These quantities, respectively, make an angle δ and

γ0 = δ + γ with the plane (Ω, B).

dipole with internal sources, so that we can write

eΩ = (−sin θ, 0, cos θ), eB = e′/||e′|| with e′ =

(sin θ, 0, 2 cos θ) and hence

cosψ =
2 cos θ

(1 + 3 cos2 θ)1/2

is the vertical component of B 0. (5)

Note that the polarity of the field can be reversed

through a modification of ψ in π +ψ , what does not

affect the rest of the study.

Note also that the first assumption here is that

the static magnetic field B 0 has only two non-zero

coordinates b1 and b3. If such was not the case, a

second angle (say ψH) would need to be introduced

at this stage. The dipolar variation of the field’s di-

rection (i.e. the precise relation between θ and ψ),

however, becomes important only in Section 2.5 and

following.

Introducing the normal Elsasser number Λ⊥ =

Λ cos2 ψ(cos θ)−1, it is convenient to define τ such

that tan τ = Λ−1
⊥ . With this definition, the width of

the laminar Ekman–Hartmann boundary layer λL

varies (see Acheson and Hide, 1973; Desjardins et al.,

1999) as

λ =

√

2E tan(τ/2)

cos θ
, (6)

where

tan(τ/2) =
cos θ

Λ cos2 ψ + (Λ2 cos4 ψ + cos2 θ)1/2
.

(7)

The boundary layers are obtained by introducing

the scaled vertical coordinate z′ = z/λ. Assuming

that the limit flow at z′ = ∞ has the form U∞ =

(cos γ0,−sin γ0, 0) and that the magnetic field van-

ishes at infinity, one obtains (Acheson and Hide, 1973;

Benton and Loper, 1969, 1970; Gilman and Benton,

1968; Loper, 1970a,b) a stationary velocity profile

(U,V,W = 0) and magnetic profile (B1, B2, B3 = 0),

U(z′) = cos γ0 − e−z′ cos
(

z′tan(τ/2)+ γ0

)

,

V (z′) = −sin γ0 + e−z′ sin
(

z′ tan(τ/2)+ γ0

)

,

B1(z
′) = −

√

E sin τ

cos θ
e−z′

cos
(τ

2
+ z′ tan(τ/2)+ γ0

)

cosψ,

B2(z
′) =

√

E sin τ

cos θ
e−z′

sin
(τ

2
+ z′ tan(τ/2)+ γ0

)

cosψ. (8)

So that the velocity at infinity makes an angle −γ 0

with the x direction (i.e. eθ ).

It should be noted that Loper (1970a,b) demon-

strated that this profile does not depend on the conduc-

tivity of the outer domain (Dc). This result, however,

does not extend to the following sections (instability).

2.2. Ekman–Hartrnann boundary layer instabilities

The laminar Ekman–Hartmann boundary layer

profile (8) is known (Gilman, 1971) to be unstable

to two-dimensional disturbances for sufficiently high

Reynolds number. The relevant number here is the

boundary layer Reynolds number, it is defined as the

classical Reynolds number (u"/ν), but using a typical

length scale " based on the boundary layer width,

rather than the problem size.

· · a
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For the Ekman layer at the pole, it is expressed as

Re0 = ε

√

2

E
. (9)

If we now define the local boundary layer Reynolds

number Re on the scale λ, we can write

Re =
λε

E
. (10)

This quantity is constructed on the width of the

Ekman–Hartmann boundary layer which varies with

θ and Λ. It is, thus, the relevant physical quantity.

However, it needs to be compared with the local

boundary Reynolds number for the Earth (which

depends on latitude). The quantity Re0 (9) used in

Desjardins et al. (1999) is scaled with respect to an

arbitrary length: the width of the pure Ekman layer

at the poles and can thus be compared with the same

quantity for the Earth’s core.

In a previous work (Desjardins et al., 1999), we

derived analytically a range of Reynolds number for

which nonlinear stability holds. More precisely, defin-

ing the function Ξ by

Ξ(k)=
√

1 + k2

∫ +∞

0

z(|cos(kz)| + |sin(kz)|) e−z dz,

(11)

it was shown that if the Reynolds number Re attached

to the boundary layer satisfies

Re = Re0

√

tan(τ/2)

cos θ
< Res =

1

Ξ(tan(τ/2))
, (12)

the corresponding MHD flow is nonlinearly stable

(see Eq. (7) for the definition of tan(τ /2) and Fig. 2).

Note that Ξ (k) is not defined here as in Desjardins

et al. (1999), since we consider the local value of the

Reynolds number Re instead of a global estimate Re0.

In our previous study, we concluded that assuming an

order one Reynolds number Re0 for the boundary layer

near the CMB, stability could only be demonstrated

locally near the poles if the Elsasser number was above

unity. Res is probably a poor bound on Re. We will now

study the linearized problem to establish with accuracy

the boundary layer Reynolds number for instability.

Numerical simulations will yield upper bounds Rei
such that if

Re > Rei(Λ, θ), (13)

Fig. 2. Representation of an analytical result from our previous

study (Res ), here using present conventions. If the Reynolds num-

ber Re attached to the boundary layer is lower than Res , non-linear

stability is demonstrated. We concentrate in the sequel on bound-

ary layer Reynolds number above Res .

the Ekman–Hartmann flow is linearly unstable. We

establish that the flow is then unstable in the following

sense: there exists arbitrarily small initial perturbations

which grow exponentially in time in the linear phase

and reach a non negligible size (i.e. the supremum of

the difference between the velocities of the perturbed

flow and the unperturbed one does not go to 0 as ε goes

to 0). However, we do not demonstrate mathematically

that the energy of the perturbation grows significantly.

The corresponding non-linear analysis is postponed to

further study.

In the absence of electromagnetic coupling and

for the co-latitude θ = 0, Lilly (1966) showed

that the pure Ekman flow is linearly unstable to

two-dimensional disturbances when the boundary

layer Reynolds number exceeds a critical value

(Rei � 54.16). This study was extended to the

Ekman–Hartmann profile by Gilman (1971) (still for

a horizontal boundary). Leibovich and Lele (1985)

extended this approach in the pure Ekman case to a

spherical boundary and demonstrated the importance

of the horizontal component of Ω. The case of the

Ekman–Hartmann layer near a spherical boundary (in

the sense Ω and B0 vary with θ ) is addressed in the

present work.

A finer estimate than (4) can be achieved for geo-

physical parameters (Poirier, 1991, 1994; Hulot et al.,

· · �
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1990). We use the radius of the core as length L

and the following values: ||Bd || � 5 × 105 nT, ρ �

104 kg m−3, µ0 � 4π × 10−7 T m A−1, η � 1.1 m2

s−1, ν � 10−6 m2 s−1,Ω � 7.3 × 10−5 rad s−1 and

||u|| � 10 km per year � 3 × 10−4 m s−1.

This yields the following values for non-dimensional

numbers

Λ � 0.13, ε � 6 × 10−7, E � 5.5 × 10−16,

Rm � 9.5 × 102, Re0 � 35.6. (14)

A few words on two important simplifications are

needed. First, we will neglect large scale electrical cur-

rents (corresponding to curl B0) in their interactions

with the induced field and second we only consider

the dipolar component of the magnetic field (Bd ) when

constructing B0 and evaluating Λ.

The interaction of small scale currents curl b with

large scale field B0 is of order 1/λ. The interaction of

large scale currents curl B0 with b, however, does not

enter this order. Physically, this last term is scaled as

1/L, where L is based on magnetic diffusion. Clearly

for the limits considered here (4) the ratio of viscosity

to magnetic diffusivity (Rm Eε−1) tends to zero and

this effect can be neglected.

The toroidal component of the field can indeed be

neglected here, as it needs to vanish near the insulating

mantle. Writing the magnetostrophic equilibrium near

the core mantle boundary would yield

∂Btor

∂r
∼ µ0ρ

2Ωu

Bd
� 4 × 10−7 T m−1. (15)

It is clear that Btor would remain much smaller than

Bd in the area of interest for our study (a few meters

thick).

The Elsasser number thus evaluated is lower than

unity and the Reynolds number Re0 greater than 1,

it is then reasonable to study precisely the onset of

instability, since non-linear stability was not estab-

lished in Desjardins et al. (1999) for this parameter

régime.

2.3. Linearized system

Let us consider linearized perturbations (u, p, b) of

the stationary profile (8). Magnetic perturbations are

scaled according to B = eB +Rmb. Coordinates are

scaled as x′ = λ−1x, t ′ = λ−1t . Then, dropping the

primes, we obtain

ε

λ
(∂tu + U · �u + u · �U)−

E

λ2
�u +

�p

λ

=
Λ

λ
curl b × eB − eΩ × u

+
ΛRm

λ
(curl B × b + curl b × B), div u = 0,

(16)

Rm

λ
(∂tb + U · �b + u · �B − b · �U − B�u)

=
1

λ
curl(u × eB)+

1

λ2
�b, div b = 0. (17)

We will consider perturbations which are plane trav-

eling waves (see Fig. 1) and we will change the refer-

ence frame (x, y, z) to (x′, y′, z) such that x′ derivatives

of (u, p, b) vanish. We, therefore, introduce the angle

δ between the intersection of the plane of the waves

and the plane (x, y) and the projection of e and e′ on

the plane (x, y).

We then rotate coordinates (x, y) by an angle δ to

get (x′, y′). In the sequel, the primes of x′ and y′ are

dropped. In this new frame, (u, p, b) are independent

of x, and

eΩ = (−sin θ cos δ, −sin θ sin δ, cos θ),

eB = (sinψ cos δ, sinψ sin δ, cosψ).

We use the velocity components u along e′
1, the

field component b1 along the same axis scaled as

β̃ = b1/(λ cosψ) and stream function φ̃ with vector

potential X̃ in the normal plane.

We now take traveling wave type perturbations φ̃,

X̃ , u and β̃ as follows:

φ̃(t, y, z) = φ(z) eiα(y−ct),

X̃ (t, y, z) = X (z) eiα(y−ct),

u(t, y, z) = µ(z) eiα(y−ct),

β̃(t, y, z) = β(z) eiα(y−ct). (18)

The set of differential equations governing these per-

turbations (demonstration is given in the Appendix A)

· · �
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can be written as

ciα Re(φ′′ − α2φ)

= −(φ′′′′ − 2α2φ′′ + α4φ)

+2 tan
τ

2
(−µ′ + iα tan θ sin δ µ)

+iαV Re(φ′′ − α2φ)− iα ReV ′′φ

−
(

1 − tan2 τ

2

)

(X ′′′ − α2
X

′

+iα tanψ sin δ (X ′′ − α2
X )), (19)

ciα Reµ

= −(µ′′ − α2µ)

+2 tan
τ

2
(φ′ − iα tan θ sin δ φ)

+iα Re(V µ+ U ′φ)

−
(

1 − tan2 τ

2

)

(β ′ + iα tanψ sin δ β), (20)

iα tanψ sin δµ+ µ′ + β ′′ − α2β = 0, (21)

iα tanψ sin δ(φ′′ − α2φ)

+φ′′′ − α2φ′ + X ′′′′ − 2α2
X

′′ + α4
X = 0. (22)

The coefficients U and V vary with z, what makes

numerical computations necessary. They also depend

on γ 0, minimization over γ 0 is, thus, required to get

the most unstable configuration.

2.4. Boundary conditions

The system of differential equations expressed

above requires 12 boundary conditions. We first state

that velocity vanishes at z = 0, so that

φ = 0, φ′ = 0, µ = 0 at z = 0.

Moreover, we assume that the tangential component of

the electric field and the magnetic field are continuous

across the interface (Roberts, 1967b). In the insulator,

we can use the x invariance to write the magnetic field

b in terms of β̃ and vector potential X̃ , as in Section

2.3, which leads to

�y,zX̃ = 0, ∂zβ̃ = ∂y β̃ = 0,

∂zE1 = Rm∂t∂zX̃ , ∂yE1 = Rm∂t∂yX̃ .

Hence, taking E and b in the insulator as in (18), we

deduce

E1 = −iαcRmX , and X ′′ − α2
X = 0.

In particular, X ′(0−) = αX (0−), and the continuity

of E1 across the interface reduces to

X
′′(0+) = αX (0)(α − icRm).

At infinity, we assume, as in Lilly (1966), that

∂zu, ∂zv, w, and ∂2
z b1, ∂2

z b2, ∂zb3 vanish, and write

φ = 0, φ′′ = 0, µ′ = 0, and β ′′ = 0,

X
′ = 0, X

′′′ = 0 at infinity.

Thus, the 12 conditions needed are expressed.

2.5. Relevant equilibria

As stressed in Leibovich and Lele (1985), in the

pure Ekman case (Λ = 0), the θ and δ dependence of

system (19–22) only relies on the parameter

ξ = tan θ sin δ.

First, it is useful to note that this parameter vanishes

in the horizontal plane case. This highlights that

though the laminar layer only depends on the normal

component of Ω, the instabilities are affected by its

horizontal component as well (Leibovich and Lele,

1985). The parameter ξ accounts for this effect.

It should be noted that changing δ into π − δ does

not modify ξ , and thus does not affect the Reynolds

number. This implies that if δ �= π/2, two instabilities

with angles δ and π − δ occur for the same critical

Reynolds number.

The minimizing value ξ∗ of ξ is obtained in

Leibovich and Lele (1985). For ξ = ξ∗, the boundary

layer Reynolds number for instability (Rei) is mini-

mal. At low values of θ , ξ = ξ∗ cannot be realized

and δ = π/2 is required to have large values of ξ ,

as close as possible to ξ∗. Past a critical co-latitude

θ∗ = atan(ξ∗) � 63.8◦, the value of ξ , and thus, the

Reynolds number for instability, can be maintained

constant (ξ = ξ∗) through a proper variation of the

angle δ

δ = δ1 = asin

(

ξ∗

tan θ

)

,

or

δ = π − δ1.

Near the equator, as tan θ increases, δ1 tends to zero,

and the rolls get aligned with e1 (north–south).

· � #
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In the mixed Ekman–Hartmann régime (Λ �= 0),

relevant to the Earth core, for an arbitrary imposed

magnetic field, a similar reasoning leads to introducing

ξ ′ = tanψ sin δ.

The boundary layer Reynolds number for instabil-

ity is then a function of both ξ and ξ ′, and the two

parameters describe the full θ , ψ , δ dependence.

Note that both ξ and ξ ′ vanish for θ = ψ = 0. The

terms, respectively, reflect the role of the horizontal

component of Ω and B0 on the instabilities.

If the imposed field varies in latitude as an axial

dipole, ψ and θ are related through (5), so that con-

stant values for ξ and ξ ′ cannot be maintained through

a simple variation of δ, and thus, the critical Reynolds

number will not be constant at low latitudes onceΛ �=

0. Note that neither ξ nor ξ ′ is affected by a, modi-

fication of θ in π + θ , however, the profiles (8) are

modified and we arbitrarily chose to restrict, our study

to one hemisphere: θ ∈ [0, π/2].

Note also that neither ξ nor ξ ′ is affected by a mod-

ification of δ in π − δ. This modification, therefore,

leaves the Reynolds number unaffected, as was the

case previously in the non-magnetic régime (both an-

gles are unstable for the same boundary layer Reynolds

number).

Because we assumed a perfectly dipolar variation of

the static magnetic field (Eq. (5)), the value θ = π/2

is singular both for the Ekman layer Greenspan (1969)

and the Hartmann layer (Roberts, 1967a). As the value

of θ increases toward the equator, the stable mixed

Ekman–Hartmann boundary layer, however, degener-

ates to an Ekman layer. Indeed for (π/2 − θ) < Λ−1

rotation dominates. As a consequence, the equatorial

singularity relevant to our study is the Ekman layer

singularity. It scales as E1/5 in the axial direction and

as E2/5 in the radial direction (e.g. Kleeorin et al.,

1997). Our study is limited by the size of this singu-

larity (which we do not intend to describe here), and

thus, to values of θ smaller than π/2 −E1/5. For geo-

physically realistic values of E, a thin strip of width

10−3 rad near the equator is to be excluded.

The instability Eqs. (19)–(22) in the magnetic

régime (Λ �= 0) still differ from the simple Ekman

equations (i.e.Λ = 0) near the equator, because of the

term associated with the horizontal component of the

imposed magnetic field. But, as in the non-magnetic

régime, δ must tend to zero (in order to maintain ξ and

ξ ′ finite), also for the field we consider tan(τ /2) tends

to unity. As a consequence, all magnetic effects van-

ish near the equator, and the instability itself evolves

toward the pure Ekman layer instability. Physically,

this is related to the invariance of the pure Ekman

layer instability with respect to the direction e1, the

horizontal component of the imposed magnetic field

lies precisely along this direction near the equator

(δ = 0) and does not affect the instability.

3. Numerical results

3.1. Validation

We developed a Fortran-90 code to compute the

critical Reynolds number Re above which instabili-

ties appear, resolving Eqs. (19)–(22). Eigenvalues of

complex matrices were computed using the EISPACK

library from Netlib (http://netlib.bell-labs.com/netlib/

eispack). The gradient algorithm was parallelized us-

ing the MPI library. Results were tested successfully

against previous studies: in the non-magnetic régime

(Leibovich and Lele, 1985; Lilly, 1966), as well as in a

horizontal plane in the pure Hartmann limit (Roberts,

1967b) and in the mixed Ekman–Hartmann régime

(Gilman, 1971).

3.2. Results

We find that the layer is linearly unstable if Re0 >

Rei(Λ, θ). We represent in Fig. 3 the critical Reynolds

number Rei versus the co-latitude θ , for different val-

ues of the Elsasser number Λ ∈ {0, 0.3, 1}. One can

note on this figure that the critical Reynolds number

for instability is no longer independent of θ at low

latitudes once Λ �= 0 as expected from the discussion

in Section 2.5.

We can then construct an approximate estimate for

the local boundary layer Reynolds number at the CMB

ReBL = ε

√

2

E

√

tan(τ/2)

cos θ
. (23)

Note, however, that this estimate is proportional to the

estimation on ε, and thus, ||u||. The estimation (14)

is based on secular variation studies (Bloxham and

Jackson, 1992; Hulot et al., 1990) and represent a

· � ·
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Fig. 3. Boundary layer Reynolds number for instability for three different values of the Elsasser number vs. co-latitude θ . An estimation

of the boundary layer Reynolds number near the core–mantle boundary is also represented for comparison.

typical velocity near the CMB. It is clear, however,

that the velocity could locally be at least twice as large

and could also be several order smaller at other places;

the value of ReBL would then undergo the same vari-

ations. It is, thus, important to consider ReBL as an

estimate only. ReBL computed from (14) and (23) is

also represented on Fig. 3.

For the parameter range (14) relevant to the Earth

core, there exists a critical co-latitude θc below which

the Ekman–Hartmann boundary layer can be linearly

unstable. From the estimated ReBL, one would get

θc � 45◦.

We would like to stress that, we previously es-

tablished in Desjardins et al. (1999) the value below

which non-linear stability could be proven (Res).

This value being estimated analytically, it probably

represents a poor estimate. However, comparing this

value (see Fig. 2) with the present results (Rei), a

coefficient close to 50 is obtained for Λ = 0.3. This

much lower value of Res could suggest, a possible

subcritical bifurcation of the Ekman–Hartmann layer.

Let us now describe physically the instability (for

Re = Rei). The angle δ at which the instability grows

is represented versus co-latitude θ on Fig. 4. The in-

stability is aligned with the eφ , direction near the pole

for the three Elsasser numbers considered here. Past

a critical co-latitude two branches of solution exist,

corresponding to δ and π − δ, as described in Section

2.5. This critical value of the co-latitude (noted θ∗ in

the non-magnetic case) decreases with Λ, as the hori-

zontal component of the imposed magnetic field lies

in the eθ direction and magnetic effects reduce shear

in this direction (maximum when δ = 90◦). Near the

equator, the instability is aligned with eθ in the mag-

netic régime as in the Λ = 0 case.

Fig. 4. Angles δ for instability with respect to eθ represented

vs. the co-latitude θ . The instability develops in the eφ direction

near the poles. Past a critical co-latitude (decreasing with Λ) two

branches of solutions exist. The instability is aligned with eθ near

the equator.
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Fig. 5. Angles γ on the left and γ0 = δ + γ (between the eθ direction and U∞) on the right, both represented vs. co-latitude θ .

Angles γ between e′
1 and the U∞ flow correspond-

ing to these instabilities (which enters Eqs. (19)–(22)

through the expressions of U and V) are represented

in Fig. 5, together with γ0 = δ + γ corresponding to

the angle between the eθ direction and U∞ (see also

Fig. 1, for angles construction).

The wave number α and the corresponding phase

velocity α×cr are represented on Fig. 6. The solution

propagates in the azimuthal direction in the equatorial

region and towards the poles away from the equator.

3.3. Geophysical discussion

When trying to develop an intuitive understanding

of the stability of the boundary layer near the Earth’s

Fig. 6. Wave number α on the left and the corresponding phase velocity α × cr on the right, both represented vs. co-latitude θ .

CMB (an Ekman–Hartmann type of boundary layer),

one can hesitate between two main lines of thinking.

The first one states that the Reynolds number in the

core is so high (around 108) that, one can hardly imag-

ine anything laminar in the flow. The other lines that

the layer is so thin (LE1/2 would represent less than a

meter) that instabilities are unlikely to develop there.

Probably the first geophysically relevant result of our

work is to show how these two effects compensate and

how the boundary layer near the core mantle boundary

is extremely close to instability.

For geophysically realistic values of the control pa-

rameters, a critical band is found to extend over some

45◦ away from the equator (see Fig. 3). It is, however,

useful to recall that ReBL is only an estimate based on

· � "
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a typical value of ||u|| and that its value is, therefore

indicative.

The critical value for instability being so close to

geophysical estimates, it appears useful to discuss

with additional care the limitations of our study. We

computed here the minimal Reynolds number after

minimizing on γ (measuring the direction of U∞).

This direction could, in the Earth, be far from opti-

mum. For example, an optimal Rei , was obtained near

the equator for γ0 = δ + γ � −10◦ whereas in the

Earth, flows near the CMB inferred from variations of

the magnetic field (Bloxham and Jackson, 1992) are

rather found to be aligned in the longitudinal direction

near the equator (γ0 = δ + γ � ±90◦). Also, we as-

sumed a perfectly spherical boundary. This, however,

seems reasonable as bumps at the CMB are known

to be small about 4 km for wavelength larger than

300 km (Garcia and Sourian, 2000) and they would

only slightly modify the results. We assumed that the

static field varies in latitude as a perfect dipole, this

certainly is not the case in the Earth. In particular,

as the geographic equator and the magnetic equator

would differ almost everywhere the normal compo-

nent of the field may stabilize the flow near the geo-

graphic equator. This effect is, however, expected to

be small. We assumed a perfectly insulating mantle.

This is a reasonable assumption, as conductivity of

the lower mantle is known to be very small (Alexan-

drescu et al., 1999) and the existence of a thin conduc-

tive layer appears most unlikely (Poirier et al., 1998).

There are also some physical effects, not included

in our model, that could alter the critical boundary

layer Reynolds number. In particular effects of den-

sity perturbations were neglected. Buoyancy effects

could modify the stability of the layer (see Braginsky

(1999) for geophysical discussion of density profile

near the CMB). Thermal effects could also possibly

be associated with current sheets near the insulating

mantle, this could help destabilize the layer. Also we

insist again that, when comparing results with the

estimated boundary Reynolds number near the CMB

Re

(

∂tu+V ∂yu+w
dU

dz

)

+
λ2

E

∣

∣

∣

∣

∣

−v cos θ − w sin θ sin δ

u cos + w sin θ cos δ

−v sin θ cos δ+u sin θ sin δ

+
λ

E

∣

∣

∣

∣

∣

0

∂yp −�y,zu

∂zp
=
Λλ

E

∣

∣

∣

∣

∣

∂zb1 cosψ + ∂yb1 sinψ sin δ

−∂yb1 sinψ cos δ − j1 cosψ

−∂zb1 sinψ cos δ + j1 sinψ sin δ

(A.1)

(ReBL), only an order of magnitude was used for a

||u||. The problem of possible boundary layer insta-

bilities near the CMB clearly deserves further study

(especially concerning more complicated large scale

fields and the effects of the direction of U∞ and of

the non dipolar component of the field), such study

could rely on field map at the CMB and core flows de-

rived from the secular variation of the field. This could

also allow to test a possible relation between bound-

ary layer instabilities and rapid geomagnetic impulses

(or jerks) observed some eight times in the last cen-

tury (Alexandrescu et al., 1995, 1996; Courtillot and

Le Mouël, 1984; Mac Millan, 1996).
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Appendix A. Mathematical construction of

instability equations

Let us first recall that we have assumed in (4) that

ε → 0, Λ ∼ O(1), εRm → 0, E ∼ ε2.

and that the magnetic field B was expended as B =

eB +Rmb.

We consider perturbations of the stationary profile

(8). However, B1 and B2 being of order E1/2, only eB

is relevant here.

As b is of order ε, we can rewrite (16)–(17) as

where j1 = ∂yb3 − ∂zb2, and

λ(sinψ sin δ ∂yu + cosψ ∂zu)+�y,zb = 0 (A.2)
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We will now use the velocity and field components

along the axis of instability; in the normal plane, the

divergence free condition on u and b yield the exis-

tence of a stream function φ̃ and a vector potential X̃

such that

v = −∂zφ̃, w = ∂y φ̃,

b2 = −λ cosψ ∂zX̃ , b3 = λ cosψ ∂yX̃ .

Denoting β̃ = b1/(λ cosψ), ζ̃ = ∆y,zφ̃ and η̃ =

∆y,z,X̃ and taking the first component of the curl of

Eqs. (A.1) and (A.2), we deduce

Re(Dt ζ̃ + V ∂y ζ̃ − V ′′∂y φ̃)

+
λ2

E
(−cos θ ∂zu+ sin θ sin δ ∂yu)−�y,zζ̃

=
λ2Λ cosψ

E
(cosψ ∂zη̃ + sinψ sin δ ∂y η̃), (A.3)

Re(∂tu+ V ∂yu+ U ′∂y φ̃)

+
λ2

E
(cos θ ∂zφ̃ − sin θ sin δ ∂y φ̃)−�y,zu

=
λ2Λ cosψ

E
(cosψ ∂zβ̃ + sinψ sin δ ∂y β̃), (A.4)

sinψ sin δ ∂yu+ cosψ ∂zu+ cosψ�y,zβ̃ = 0,

(A.5)

sinψ sin δ ∂y ζ̃ + cosψ ∂zζ̃ + cosψ �y,zη̃ = 0.

(A.6)

We now take traveling wave type perturbations φ̃, X̃ ,

u and β̃ as follows:

φ̃(t, y, z) = φ(z) eiα(y−ct),

X̃ (t, y, z) = X (z) eiα(y−ct),

u(t, y, z) = µ(z) eiα(y−ct),

β̃(t, y, z) = β(z) eiα(y−ct), (A.7)

and obtain an eigenvalue problem expressed in

terms of a system of four ordinary differential

equations:

ciα Re(φ′′ − α2φ)

= −(φ′′′′ − 2α2φ′′ + α4φ)

+
λ2

E
(−cos θµ′ + iα sin θ sin δµ)

+iαV Re(φ′′ − α2φ)− iα ReV ′′φ

−
Λλ2 cosψ

E
(cosψ(X ′′′ − α2

X
′)

+iα sinψ sin δ(X ′′ − α2
X )) (A.8)

ciα Reµ= −(µ′′ − α2µ)

+
λ2

E
(cos θ φ′ − iα sin θ sin δ φ)

+iα Re(V µ+ U ′ φ)

−
Λλ2 cosψ

E
(cosψ β ′ + iα sinψ sin δ β),

(A.9)

iα sinψ sin δ µ+ cosψ µ′ + cosψ(β ′′ − α2β) = 0,

(A.10)

iα sinψ sin δ(φ′′ − α2φ)+ cosψ(φ′′′ − α2φ′)

+cosψ(χ ′′′′ − 2α2χ ′′ + α4χ) = 0 (A.11)

where the expressions V = V (z), V ′′ = V ′′(z), U ′ =

U ′(z) in the reference frame (e′1, e
′
2, e

′
3) are obtained

replacing γ 0 by γ = γ0 − δ in (8).

Using the expression tan τ = cos θ(Λ cos2 ψ)−1 =

Λ−1
⊥ , the system (A.8)–(A.11) can be rewritten as

ciα Re(φ′′ − α2φ)

= −(φ′′′′ − 2α2φ′′ + α4φ)

+2 tan
τ

2
(−µ′ + iα tan θ sin δ µ)

+iαV Re(φ′′ − α2φ)− iα ReV ′′φ

−
(

1 − tan2 τ

2

)

(X ′′′ − α2
X

′

+iα tanψ sin δ (X ′′ − α2
X )) (A.12)

ciα Reµ

= −(µ′′ − α2µ)+ 2 tan
τ

2
(φ′ − iα tan θ sin δ φ)

+iα Re(V µ+ U ′φ)−
(

1 − tan2 τ

2

)

×(β ′ + iα tanψ sin δ β) (A.13)
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iα tanψ sin δµ+ µ′ + β ′′ − α2β = 0, (A.14)

iα tanψ sin δ(φ′′ − α2φ)+ φ′′′ − α2φ′

+X ′′′′ − 2α2
X

′′ + α4
X = 0 (A.15)
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Abstract

We present the results of a benchmark study for a convection-driven magnetohydrodynamic dynamo problem in a rotating
spherical shell. The solutions are stationary aside from azimuthal drift. One case of non-magnetic convection and two dynamos
that differ in the assumptions concerning the inner core are studied. Six groups contributed numerical solutions which show
good agreement. This provides an accurate reference standard with high confidence. © 2001 Elsevier Science B.V. All rights
reserved.

Keywords: Geodynamo; Numerical modeling

1. Introduction

In recent years, three-dimensional simulations of
convection-driven magnetohydrodynamic dynamos in
rotating spherical shells have become possible and are
progressively employed to develop an understanding
for the origin of the Earth’s magnetic field and its spa-
tial and temporal structure. The first models employed
hyperdiffusivities and either neglected inertia or in-
cluded only the axisymmetric part (Glatzmaier and

∗ Corresponding author. Tel.: +49-551-39-7451;
fax: +49-551-39-7459.
E-mail address: urc@uni-geophys.gwdg.de (U.R. Christensen).

Roberts, 1995; Kuang and Bloxham, 1997) or they
assumed somewhat artificial boundary conditions for
the magnetic field Kageyama and Sato (1995). Later
models with more moderate values of the control
parameters did not use these approximations (for ex-
ample, Christensen et al., 1998; Busse et al., 1998;
Christensen et al., 1999; Katayama et al., 1999; Grote
et al., 2000). Several numerical codes for dynamo
modelling have been developed independently by
various groups, although they usually follow simi-
lar principles. The velocity and magnetic fields are
represented by poloidal and toroidal scalar potentials
and all the unknowns are expanded in spherical har-
monic functions in the angular coordinates. Diffusive

0031-9201/01/$ – see front matter © 2001 Elsevier Science B.V. All rights reserved.
PII: S0031 -9201 (01 )00275 -8
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terms in the equations are treated implicitly during
time-stepping, while the non-linear terms are evalu-
ated on grid points, which requires transformations
between spectral and grid space (spectral transform
method). The codes differ mainly in their treatment
of the radial dependence and in the way the arising
boundary value problems for each harmonic mode
are solved. Some expand the variables in Chebyshev
polynomials and use collocation methods, while oth-
ers use finite differencing and grid representation.
An exception is the method by Kageyama and Sato
(1995), who have used finite differences throughout.
Other codes that employ only local representations
of the variables, for example by finite elements, are
currently under development.

The verification of newly developed codes for com-
plex nonlinear problems is not a simple task. Rigorous
testing with analytical solutions is not possible for the
fully non-linear problem. Comparison with other pub-
lished solutions is difficult because they usually show
chaotic time-dependence and because they make spe-
cific assumptions (for example, on boundary condi-
tions or neglected terms), which are not implemented
in other codes. The concept of a benchmark is to set up
a simple, well defined and easily reproduced standard
solution, which is confirmed by several independent
codes and which is converged to great accuracy. It
serves several purposes: (i) to increase the confidence
in the correctness of the codes that contribute to the
benchmark, (ii) to assess the accuracy and possibly
the run-time performance of existing methods, and

(iii) to assist future code developments by providing
a well-established standard solution for verification.

The present benchmark was proposed at the study
of the Earth’s deep interior (SEDI) meeting of 1998
in Tours and has been expanded and modified as a
result of discussions among the participants. Its basis
is one of the few quasi-stationary dynamo solutions
that have been reported in the literature (Christensen
et al., 1999). The stationarity allows the comparison of
well-defined numbers. Parameter values are moderate,
so that high resolution is not required to reproduce the
dynamo. The full inertia term is kept in the momen-

tum equation and the concept of hyperdiffusivity is not
used. In addition to the originally proposed dynamo
with an insulating inner core co-rotating with the outer
boundary (case 1), the cases of rotating non-magnetic
convection (case 0) and that of a dynamo with a con-
ducting and freely rotating inner core (case 2) have
been added. Aside from global properties, such as ki-
netic and magnetic energies, where small inaccuracies
may average out, some local values of the solution are
also reported.

2. Definition of the benchmark cases

Thermal convection and magnetic field generation
in a rotating spherical shell filled with an electrically
conducting fluid are considered. The ratio of inner
radius ri to outer radius ro is set to 0.35. Temperature
is fixed to To and To + �T on the outer and inner
boundaries, respectively. The Boussinesq approxima-
tion is used and gravity varies linearly with radius.
The equations are scaled with D = ro − ri as the fun-
damental length scale, which makes the dimensions-
less radii equal to ro = 20/13 and ri = 7/13. The time
scale is D2/ν, with ν the kinematic viscosity, ν/D
is the scale for velocity u, and �T for temperature
T . The scaled temperature on the outer boundary is
zero. Magnetic induction B is scaled by (ρµηΩ)1/2,
where ρ is the density, µ the magnetic permeability,
η the magnetic diffusivity, and Ω is the basic rotation
rate about the z-axis. The non-hydrostatic pressure P
is scaled by ρνΩ . The scaled equations are

E

(

∂u
∂t

+ u · ∇u − ∇2u
)

+ 2ẑ× u + ∇P = Ra
r
ro
T + 1

Pm
(∇ × B)× B (1)

∂B
∂t

= ∇ × (u × B)+ 1

Pm
∇2B (2)

∂T

∂t
+ u · ∇T = 1

Pr
∇2T (3)

∇ · u = 0, ∇ · B = 0 (4)

Non-dimensional control parameters are the modified
Rayleigh number

Ra = αgo �T D

νΩ
(5)

where α is the thermal expansion coefficient
and go gravity at the outer radius, the Ekman
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number

E = ν

ΩD2
, (6)

the Prandtl number

Pr = ν

κ
, (7)

where κ is thermal diffusivity, and the magnetic
Prandtl number

Pm = ν

η
. (8)

The velocity vanishes on the rigid boundaries, relative
to the state of rotation of the respective boundary. In
cases 0 and 1, the inner and outer boundaries co-rotate.
In case 1, the regions outside the fluid shell are elec-
trical insulators and the magnetic field on the bound-
aries matches with appropriate potential fields in the
exterior that imply no external sources of the field.

In case 2, the inner core is treated as an electrically
conducting rigid sphere that can rotate around the
z-axis relative to the outer boundary, which provides
the frame of reference. Its moment of inertia is deter-
mined assuming the same density as in the liquid shell,
and its angular acceleration results from viscous and
magnetic torques. The moment of inertia is irrelevant
for the final uniform rotation of the inner core, but in-
fluences the transient spinup. In the inner core Eq. (2)
applies with the velocity field of rigid-body rotation
and the same magnetic Prandtl number, i.e. the same
electrical conductivity and magnetic permeability as
in the fluid shell. At the boundary between inner core
and fluid shell the magnetic field and the horizontal
component of the electrical field are continuous.

The Ekman number is E = 10−3 and the Prandtl
number is Pr = 1 in all cases. In cases 0 and 1, we
set the Rayleigh number to Ra = 100. In case 2,
it is Ra = 110, which is approximately two times
supercritical. The magnetic Prandtl number is zero in
case 0 (non-magnetic convection) and is Pm = 5 in
cases 1 and 2.

Because only the final quasi-stationary solutions are
compared, the initial condition is, strictly speaking,
not part of the benchmark definition. However, be-
cause non-magnetic convection is found stable against
small magnetic perturbations at these parameters and
because the dynamo solutions seem to have only a
small basin of attraction, the initial state is of some

concern. Also the existence of multiple dynamo solu-
tions, for example with different azimuthal symmetry,
cannot be ruled out. Here, we recommend a set of ini-
tial conditions, but any other conditions that lead to
the desired solutions are also permissible. In all cases
the initial velocity is zero and the initial temperature is

T = rori

r
− ri + 210A√

17920π

× (1 − 3x2 + 3x4 − x6) sin4 θ cos 4φ (9)

where θ is the colatitude, φ the longitude, and x =
2r − ri − ro. This describes a conductive state with a
perturbation of harmonic degree and order four super-
imposed. The amplitude is set to A = 0.1. In case 1,
the initial magnetic field is for ri ≤ r ≤ ro:

Br = 5

8

(

8ro − 6r − 2
r4

i

r3

)

cos θ (10)

Bθ = 5

8

(

9r − 8ro −
r4

i

r3

)

sin θ (11)

Bφ = 5 sin(π(r − ri)) sin 2θ. (12)

This corresponds to a dipolar poloidal field created by
a current density in the φ-direction which is uniform in
radius and a superimposed toroidal field of harmonic
degree two. The maximum value of both Br and Bφ is
5. In case 2, the initial magnetic field is for 0 ≤ r ≤ ro:

Br = 5
4ro − 3r

3 + ro
cos θ (13)

Bθ = 5
9r − 8ro
2ro + 6

sin θ (14)

Bφ = 5 sin

(

π
r

ro

)

sin 2θ. (15)

3. Character of the solution

Starting from the recommended initial condition,
a quasi-stationary solution is reached within approxi-
mately 15 time units in cases 1 and 2 and within 1.2
time units in case 0. The solution can be expressed by
a vector function of the form

(u,B, T ) = f(r, θ, φ − ωt) (16)
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Fig. 1. Case 1: left, contours of Br on outer boundary in steps of 0.25; right, contours of ur at mid-depth in the shell, interval 2. Positive
and zero contours solid lines, negative contours dash-dotted.

with ω being the drift frequency. In case 2, the in-
ner core rotates at a uniform rate ωic with respect to
the outer boundary after the initial transient. The solu-
tions are symmetric about the equator (dipole parity)
and have fourfold symmetry in longitude. In order to
reduce computer time, in some calculations this sym-
metry has been exploited by restricting the spherical
harmonic expansions accordingly. This is safe because
tests show that the solution is stable against small
symmetry-breaking perturbations. Some aspects of the
solution for case 1 are visualised in Fig. 1. Convec-
tion is columnar and the magnetic field on the outer
boundary is strongly dipolar and dominated by four
flux lobes. The figure shows a result obtained with
moderate resolution and is meant for illustrative pur-
poses only. The presence of a conducting and rotating
inner core in case 2 has no strong effect of the overall
pattern of the solution.

4. Requested data

Global averages as well as local data at a specific
point are compared in this benchmark. In all cases, the
drift frequency ω and the mean kinetic energy density
in the fluid have been calculated as

Ekin = 1

2Vs

∫

Vs

u2 dV (17)

where Vs refers to the volume of the fluid shell. In
cases 1 and 2, the mean magnetic energy density in

the shell is calculated as

Emag = 1

2VsEPm

∫

Vs

B2 dV. (18)

In case 2, also the magnetic energy density Eic
mag in

the inner core, defined equivalently to Eq. (18) for the
inner core volume Vic, and the angular frequency ωic
of differential rotation of the inner core are requested.
When participants compared preliminary results in the
course of the benchmark study, the torque acting on
the inner core turned out to be useful to identify errors.
Therefore we also list the values of the Lorentz torque
ΓL scaled by ρDν2.

Defining a point where local data are to be taken
is not trivial because it must be fixed in the drifting
frame of reference. We take a point at mid-depth (r =
(ri + ro)/2) in the equatorial plane (θ = π/2) whose
φ-coordinate is given by the conditions ur = 0 and
(∂ur/∂φ) > 0. For this point we request in cases 0
and 1 the values of T and uφ and additionally in case
1 the value of Bθ .

5. Methods

Six groups have contributed results to some or
all of the benchmark cases. Here, each code is de-
scribed briefly by some keywords. A more com-
plete description can be found in the supplied
references.
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Aubert, Cardin and Dormy (ACD): Spherical har-
monic expansion, finite differences in the radial
direction (Dormy et al., 1998). The radial mesh in-
terval decreases in geometrical progression towards
the boundaries. Three-point stencil for second-order
derivatives and five-point stencil for biharmonic oper-
ators (second-order accurate). Symmetry in longitude
can be imposed.

Christensen, Wicht and Glatzmaier (CWG): Spher-
ical harmonic expansion, Chebyshev polynomials
in radial direction, alias-free transform (Glatzmaier,
1984; Christensen et al., 1999); the basic numerical
method was also used in (Glatzmaier and Roberts,
1995). Symmetry in longitude assumed in most
cases. Time step dynamically controlled, typically
1.5 × 10−4 at low spatial resolution and 0.75 × 10−4

at high resolution. Different versions of this code have
been run on the benchmark problems by Christensen
and Wicht and by Glatzmaier, respectively. Results
obtained by Glatzmaier are marked by an asterisk (∗).

Gibbons, Jones and Zhang (GJZ): Spherical har-
monic expansion, finite-differencing in radial direction
with non-equidistant grid using the Chebyshev zeros
as grid points and a seven-point stencil for all deriva-
tives.

Kono and Sakuraba (KS): Spherical harmonic ex-
pansion, Chebyshev tau method (Canuto et al., 1987)
for radial coordinate (Sakuraba and Kono, 1999).

Tilgner and Grote (TG): Spherical harmonic ex-
pansion, Chebyshev polynomials in radial direction
(Busse et al., 1998; Tilgner, 1999).

Takahashi, Matsushima and Honkura (TMH):
Spherical harmonic expansion, finite difference with
option for equidistant or non-uniform grid (Cheby-
shev points) in radial direction. Pressure defined on
staggered grid points. Three-point stencil used for
second-order derivatives and four-point stencil for
derivatives at staggered grid points. Longitudinal
symmetry exploited.

The three codes which use an expansion in Cheby-
shev polynomials in the radial direction (CWG, KS
and TG) are structured very similarly. The three codes
using finite differences in the radial direction (ACD,
GJZ and TMH) differ for example in the order of the
difference scheme and the structuring of the radial
grid.

Most groups provide results at different resolution.
All use 8-byte words (double precision). The spherical

harmonic expansion is truncated at degree "max and
order mmax. Most contributors include all terms with
harmonic order m ≤ " ≤ "max (mmax = "max, trian-
gular truncation), except GJZ, who truncate in most
cases at m ≤ min(",mmax) with mmax < "max (trape-
zoidal truncation). The minimum necessary number
of grid points in θ -direction (Gauss points), on which
non-linear products are calculated, is "max + 1, but
some authors use a larger number of points Nθ to
reduce aliasing effects (similarly in φ-direction). For
alias-free computations of the non-linear terms Nθ

needs to be equal or greater than (3"max + 1)/2 and
for triangular truncation of the spherical harmonics the
number of grid points in longitude needs to be twice
this. In those codes which use a spectral representation
in the radial direction, the number of radial grid points
Nr may exceed the number of Chebyshev modes Nc,
although in the present cases Nr � Nc has been used.

6. Results

At a qualitative level, all contributors obtain the
same generic solutions, which is the prerequisite for
a quantitative comparison and a convergence test.
In order to compare specific numbers obtained with
different codes at different resolution and in order to
monitor convergence, we define as resolution R the
third root of the number of degrees of freedom for
each scalar variable:

R = N
1/3
r ("max[2mmax + 1] −m2

max +mmax + 1)1/3.

(19)

For mmax = "max this reduces to R = N
1/3
r ("max +

1)2/3. In case 2, Nr refers to the combined number of
radial points in the fluid shell and in the inner core.

6.1. Non-magnetic convection (case 0)

All results for case 0 are listed in Table 1. In Fig. 2,
we compare most of the results as functions ofR. Note
that for each quantity exceptω the range in the diagram
is less than 2% of the absolute value. That is, all results
that fall into the diagram agree within better than 2%.
All results seem to converge towards the same point.
The convergence is clearest for the fully spectral code
by CWG (circles), where results at comparatively low
resolution differ only marginally from those with high
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Table 1
Results for benchmark case 0a

Group Nr Nθ "max Ekin T uφ ω

ACD 50 46 44 58.970 0.4259 −10.058 0.0602
ACD 100 46 44 58.515 0.4276 −10.134 0.1509
ACD 150 46 44 58.426 0.4279 −10.147 0.1686
ACD 250 92 44 58.379 0.4280 −10.153 0.1775
CWG 25 48 32 58.3499 0.42812 −10.1570 0.18283
CWG 33 80 53 58.3481 0.42811 −10.1571 0.18241
CWG∗ 49 96 63 58.3488 0.42811 −10.1570 0.18241
CWG 65 128 84 58.3480 0.42812 −10.1571 0.18241
GJZ 40 38 36 (20) 58.2208 0.42808 −10.1547 0.19198
GJZ 60 42 40 (28) 58.2955 0.42813 −10.1560 0.19010
GJZ 100 42 40 (28) 58.3348 0.42816 −10.1558 0.18289
TMH 40 36 58.5874 0.4271 −10.0823 0.1228
TMH 100 36 58.4028 0.4279 −10.1421 0.1670
TMH 100e 36 58.5471 0.4281 −10.1585 0.1560

a Notation: e, equidistant radial grid; mmax given in parentheses after "max when different.

resolution. Also the contributions by ACD (diamonds),
GJZ (squares) and TMH (crosses) with radial finite
differencing converge satisfactorily towards the same
values at high R. For the finite difference methods the
radial resolution has been found to be critical, and in
fact the angular resolution has been kept constant or
varied little in these calculations. ACD and GJZ report
that results for a uniform radial grid (not shown in

Fig. 2. Convergence of results for case 0: diamonds, ACD; circles, CWG; squares, GJZ; crosses, TMH. (a) Kinetic energy, (b) local
temperature, (c) local azimuthal velocity, (d) drift frequency.

this paper) are much worse than for the non-uniform
grids used here. The comparison supplied by TMH for
Nr = 100 confirms this for Ekin and ω, although the
differences are rather moderate. A non-uniform grid
provides better resolution in the boundary layers, and
even though the Ekman layer is not very thin at the
moderate value of the Ekman number, good resolution
of this layer seems to be essential.
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Table 2
Results for benchmark case 1a

Group Nr Nθ "max Ekin Emag T uφ Bθ ω

ACD 48 46 44 29.965 601.912 0.3730 −7.864 −4.779 −3.038
ACD 90 46 44 30.637 623.204 0.3729 −7.669 −4.912 −3.102
ACD 150 46 44 30.732 625.681 0.3730 −7.634 −4.929 −3.105
ACD 200 92 44 30.758 626.284 0.3730 −7.626 −4.933 −3.105
CWG 21 40 26 30.5015 616.085 0.36281 −7.2228 −4.8456 −3.0926
CWG 25 48 32 30.7214 626.572 0.37373 −7.5941 −4.9023 −3.0852
CWG 33 64 42 30.7686 626.420 0.37390 −7.6427 −4.9358 −3.1011
CWG 33 80 53 30.7714 626.406 0.37325 −7.6211 −4.9285 −3.1016
CWG 41 96 64 30.7715 626.416 0.37337 −7.6250 −4.9288 −3.1016
CWG∗ 49 96 63 30.7716 626.413 0.37337 −7.6255 −4.9284 −3.1016
CWG 65 128 85 30.7734 626.409 0.37338 −7.6250 −4.9289 −3.1017
GJZ 40 38 36 (20) 30.1263 617.462 0.36226 −7.0899 −4.8972 −2.992
GJZ 40 52 50 (44) 30.5724 622.558 0.37314 −7.6201 −4.9101 −3.083
GJZ 80 52 50 (44) 30.7541 625.656 0.37325 −7.6203 −4.9301 −3.100
GJZ 100 54 52 (52) 30.7605 626.020 0.37336 −7.6308 −4.9232 −3.101
GJZ 150 78 50 (44) 30.7677 626.282 0.37328 −7.6210 −4.9333 −3.101
KS 48 64 42 30.7709 626.434 0.37376 −7.6376 −4.9333 −3.1009
TG 33 64 42 30.7695 626.402 0.37378 −7.6387 −4.9340 −3.0997
TMH 70e 26 31.0298 623.092 0.3679 −7.3525 −4.9220 −3.0949
TMH 70 26 30.7901 627.607 0.3675 −7.3330 −4.9190 −3.0735

a Notation: e, equidistant radial grid; mmax in parentheses after "max when different.

6.2. Dynamo with insulating inner core (case 1)

Results for case 1 are listed in Table 2 and some of
them are plotted against resolution in Fig. 3. Again

Fig. 3. Convergence of results for case 1: diamonds, ACD; circles, CWG; squares, GJZ; plus sign, TG; triangle, KS; crosses, TMH
(uniform and non-uniform radial grid). (a) Kinetic energy, (b) magnetic energy, (c) local magnetic field component, (d) drift frequency.

the agreement among the various contributions is very
satisfactory; the range covered in each of the diagrams
is only 1% of the total value. The general agreement
is particularly good between the three codes using
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Table 3
Results for benchmark case 2

Group Nr N ic
r Nθ "max Ekin Emag Eic

mag ω ωic ΓL

ACD 90 25 46 44 42.311 844.400 822.522 −3.834 −2.521 −91.023
ACD 150 40 46 44 42.392 845.400 821.855 −3.821 −2.598 −91.910
ACD 200 60 46 44 42.405 845.604 821.833 −3.816 −2.619 −92.212
ACD 250 70 46 44 42.409 845.694 821.885 −3.815 −2.630 −92.381
CWG 33 16 48 32 42.3295 849.003 824.255 −3.7584 −2.7393 −94.407
CWG 49 16 64 41 42.3713 845.932 823.162 −3.7984 −2.6706 −93.105
CWG 49 16 96 63 42.3882 845.605 822.667 −3.8027 −2.6594 −92.979
CWG∗ 49 16 96 63 42.3878 845.604 822.672 −3.8027 −2.6593 −92.978
CWG 49 20 96 63 42.3888 845.602 822.649 −3.8027 −2.6593 −92.978
CWG 49 16 128 84 42.3881 845.606 822.673 −3.8027 −2.6595 −92.979

Chebyshev expansion (circles, triangle and plus sign
in Fig. 3), which is not surprising given that the codes
are based on the same principles. For this method,
only CWG (circles) provide results at variable reso-
lution, but two codes with radial finite differencing
seem to converge against the same values for the ki-
netic and magnetic energy, respectively. For the local
values and the drift frequency convergence against a
common point is less clear than for the energies, but
the best resolved results agree within a quarter of a
percent. For the local values the need to interpolate the

Fig. 4. Convergence of results for case 2: diamonds, ACD; circles, CWG. (a) Magnetic energy density in fluid shell, (b) magnetic energy
density in inner core, (c) drift frequency, (d) rotation frequency of inner core.

respective fields between grid points is an additional
source of error, which might explain the less system-
atic convergence behaviour.

CWG studied the influence of changing the
time-step for two different spatial grids. Reduc-
ing the step by a factor of two lead to differences
in the sixth decimal place. Therefore, a time-step
which is smaller than what stability requires does
not improve the solution significantly, at least in the
weakly time-dependent regime of the benchmark
dynamo.
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6.3. Dynamo with conducting and rotating
inner core (case 2)

Results for case 2 have only been reported by two
contributors. The validity of the results is somewhat
reinforced by the use of two different code versions
by CWG (labelled with and without an asterisk). The
basis for both versions is the fully spectral dynamo
code by Glatzmaier (1984), but the additions for treat-
ing a conducting and rotating inner core have been
implemented independently and overall the codes dif-
fer in some details. The two solutions agree within
better than 4 × 10−5 for all requested properties. The
results by ACD, who use a finite difference method in
the radial direction, are in reasonable agreement with
those by CWG (Table 3 and Fig. 4). The deviation is
largest for the inner core rotation rate, about 1% at
the highest resolution, but a quadratic extrapolation of
ACD’s results suggest that they converge against those
by CWG.

The sum of the viscous and magnetic torques on
the solid inner core is obviously zero because its
rotation rate is steady. The viscous torque is posi-
tive (prograde) while the magnetic torque is negative
(Table 3). GAG reports that the viscous torque on
the stationary inner core of case 1 is also positive
and cancels the negative viscous torque on the outer
boundary so that the net torque on the fluid shell
still vanishes, as it has to in steady state. It is inter-
esting that the signs of the viscous torques on the
two boundaries in the non-magnetic case 0 are op-
posite to what they are in case 1 and that the sign
of the drift frequency ω differs between cases 0
and 1.

Table 4
Suggested standard solution with uncertainties

Case 0 Case 1 Case 2

Ekin 58.348 ± 0.050 30.733 ± 0.020 42.388 ± 0.050
Emag 626.41 ± 0.40 845.60 ± 0.40
Eic

mag 822.67 ± 1.60
T 0.42812 ± 0.00012 0.37338 ± 0.00040
uφ −10.1571 ± 0.0020 −7.6250 ± 0.0060
Bθ −4.9289 ± 0.0060
ω 0.1824 ± 0.0050 −3.1017 ± 0.0040 −3.8027 ± 0.0250
ωic −2.6595 ± 0.0600
ΓL −92.979 ± 1.200

7. Discussion and conclusions

The comparison of codes that use finite differences
in the radial direction with fully spectral methods sug-
gests that the latter are more advantageous when high
accuracy is required. In case of the partial finite dif-
ference methods, the radial resolution is clearly the
accuracy-limiting factor. The exponential convergence
behaviour of fully spectral methods is very helpful
to pin down the solution to several significant digits,
which is one aim of the benchmark study. Further-
more, an asset of the Chebyshev representation is that
it allows one to calculate radial derivatives of the de-
pendent variables on grid points with great accuracy.
Because most computer time is used for the trans-
formation in the angular coordinates, the additional
time required for the Chebyshev transforms is far out-
weighed by the smaller number of radial grid levels
that is needed to achieve a given accuracy. However,
one must also keep in mind that the benchmark cases
are simple in the sense that the spatial spectra drop
off rapidly with wavenumber and time-dependence
is weak, which makes them ideally suited for spec-
tral methods. For chaotic dynamos at higher Rayleigh
numbers and lower Ekman numbers, which require
much higher spatial resolution, the spectral method
becomes very expensive and may be less suited than
other techniques for massively parallel computers. Un-
fortunately, a comparison study at such parameters
would be far more difficult.

The overall level of agreement between different
methods is remarkable when the resolution is suf-
ficiently high. This allows us to define with great
confidence a standard solution within narrow error
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limits for cases 0 and 1. We suggest that the best
result from CWG be considered the standard. To es-
timate the range of uncertainty we require that the
best-resolved results of two more codes (those by
ACD and GJZ) fall into this range (Table 4). Be-
cause of the slower convergence of the latter two
codes, the exact solution may be much closer to
the suggested value than what the quoted accuracy
suggests.

With only two completely independent contribu-
tions to case 2 we cannot claim the same level of
confidence as in the other cases, but the convergence
of the CWG results and the satisfactory agreement
with the ACD solution justifies the selection of the
best resolved result by CWG as a standard also
in this case. Here, the uncertainty has been fixed
to twice the difference between the best results by
CWG and ACD, but not less than the uncertainty
determined in case 1 for the same property (where
applicable).
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We consider axisymmetric magnetohydrodynamic motion in a spherical shell driven
by rotating the inner boundary relative to the stationary outer boundary – spherical
Couette flow. The inner solid sphere is rigid with the same electrical conductivity as
the surrounding fluid; the outer rigid boundary is an insulator. A force-free dipole
magnetic field is maintained by a dipole source at the centre. For strong imposed
fields (as measured by the Hartmann number M), the numerical simulations of
Dormy et al. (1998) showed that a super-rotating shear layer (with angular velocity
about 50% above the angular velocity of the inner core) is attached to the magnetic
field line C tangent to the outer boundary at the equatorial plane of symmetry. At
large M, we obtain analytically the mainstream solution valid outside all boundary
layers by application of Hartmann jump conditions across the inner- and outer-sphere
boundary layers. We formulate the large-M boundary layer problem for the free shear
layer of width M−1/2 containing C and solve it numerically. The super-rotation can be
understood in terms of the nature of the meridional electric current flow in the shear
layer, which is fed by the outer-sphere Hartmann layer. Importantly, a large fraction
of the current entering the shear layer is tightly focused and effectively released from
a point source at the equator triggered by the tangency of the C-line. The current
injected by the source follows the C-line closely but spreads laterally due to diffusion.
In consequence, a strong azimuthal Lorentz force is produced, which takes opposite
signs either side of the C-line; order-unity super-rotation results on the equatorial
side. In fact, the point source is the small equatorial Hartmann layer of radial width
M−2/3 (� M−1/2) and latitudinal extent M−1/3. We construct its analytic solution and
so determine an inward displacement width O(M−2/3) of the free shear layer. We
compare our numerical solution of the free shear layer problem with our numerical
solution of the full governing equations for M in excess of 104. We obtain excellent
agreement. Some of our more testing comparisons are significantly improved by
incorporating the shear layer displacement caused by the equatorial Hartmann layer.

1. Introduction

The steady flow of viscous fluid confined inside a spherical shell, which results
when the inner (radius r∗

i ) and outer (radius r∗
o) boundaries rotate at different angular

velocities Ω∗
i and Ω∗

o respectively about a common axis, is referred to as spherical
Couette flow. When the spheres almost corotate rapidly, the motion measured in a
frame corotating with (say) the outer sphere is slow and satisfies linear equations.
The determination of the resulting steady flow is a classical problem in the theory of
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rotating fluids. Proudman (1956) showed that the mainstream flow outside boundary
layers is predominantly geostrophic, while its magnitude is determined by the Ekman
suction into and out of the Ekman layers attached to the inner and outer spherical
boundaries. The Ekman layer is singular on the equator of the inner sphere; this
feature is linked to the existence of a free shear layer on the tangent cylinder to the
inner sphere extending from its equator to the intersection with the outer sphere. The
nature of the flow in this tangent-cylinder shear layer was resolved by Stewartson
(1966), while the extension of this shear layer analysis to more general geometries was
undertaken by Moore & Saffman (1969). The strong shear at the tangent cylinder
was reproduced numerically by Hollerbach (1994) down to small Ekman number
E = 5 × 10−6. Decreasing E further to E = 10−8, Dormy, Cardin & Jault (1998)
recovered the structure of the free shear layer found by Stewartson (1966).

In the case of electrically conducting fluid, the magnetohydrodynamic flow that
results in the presence of an applied axisymmetric meridional (poloidal) magnetic field
is considerably more complicated. The MHD extension to the Proudman–Stewartson
problem described above was first investigated numerically by Hollerbach (1994),
who considered an axial dipole magnetic field. The inner solid sphere (r∗ 6 r∗

i ) was
assumed to be an insulator (unlike the case of a solid sphere with the same electrical
conductivity as the fluid, which we will consider) as was the solid outer region (r∗ > r∗

o).
When the applied dipole magnetic field is sufficiently weak that the Lorentz force, as
measured by the Hartmann number M, remains small compared to the Coriolis force
(specifically small Elsasser number EM2), he found that a free shear layer remained
on the tangent cylinder; the structure of this layer was determined by Kleeorin et
al. (1997). When the Coriolis and Lorentz forces are comparable, EM2 = O(1), the
inner and outer boundary layers are of mixed Ekman–Hartmann type, whereas the
free shear layer evaporates. Nevertheless, when the applied magnetic field is strong,
EM2 � 1, a free shear layer reappears but now aligned with the magnetic field lines
which graze either the inner or the outer boundary; elsewhere on these boundaries
the boundary layers are predominantly Hartmann in character. Models of this type
were developed by Starchenko (1997). In the case of the dipole field, the grazing field
line is the one which touches the outer spherical boundary at its equator. The strong
dipole field is the limit that interests us here and below we will expand in greater
detail on the background to our chosen model.

The rapid rotation limit E � 1 with EM2 = O(1) has geophysical applications. The
numerical geodynamo simulations of Glatzmaier & Roberts (1995) have revealed the
importance of detached shear layers in rotating MHD systems. Indeed a liquid sodium
prototype of a dynamo experiment based on fluid instabilities riding on these layers
is now being built in Grenoble: a spherical cavity filled with sodium will be enclosed
between a permanent magnet and an outer container made of inox; measurement of
the electrical potential will give insight into the dynamics inside the cavity because
the outer boundary is poorly conducting. Recently there has been much discussion
about a possible differential rotation between the solid inner core and the mantle of
the Earth. There is now some evidence indicating that the speed of the inner core
surface relative to the mantle is no larger than the fluid velocity at the core surface,
as inferred from the secular variation of the Earth’s magnetic field (Vidale, Dodge &
Earle 2000). The differential rotation between the inner solid core and the outer solid
mantle, together with the detached shear layers occurring in the numerical dynamo
experiments, points to the importance of the idealized model of spherical Couette
flow in the presence of an applied magnetic field, as described above. Kleeorin et al.
(1997) adopted an applied dipole field because it is meridional and as such interacts
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strongly with the predominantly azimuthal flow driven by the differential rotation of
the boundaries. Another attractive feature of a dipole magnetic field is that it is force
free and so by itself drives no motion. Of course, in the Earth that differential rotation
may well be caused by the angular momentum transport resulting from asymmetric
convection; such complications are outside the scope of the simplified models driven
by differential rotation described above.

In order to understand processes that are predominantly magnetic in character,
we concern ourselves with the strong field limit EM2 � 1. This is outside the geo-
physically relevant parameter range, but may be pertinent to certain slowly rotating
planetary objects with strong magnetic fields. Then the Coriolis force is relatively
small and whether or not the system is in rapid rotation ceases to be a significant
issue (Starchenko 1997). Much of the dynamics in that limit is captured by the simpler
problem in which the outer sphere is at rest (Ω∗

o = 0). We will study that problem
in the case of small differential rotation and so will require that the inner sphere
rotates slowly. Motivated by planetary applications, we assume that the inner sphere
is electrically conducting having the same conductivity as the fluid, while the outer
boundary is an electrical insulator. Though, of course, for laboratory applications
other electrical boundary conditions are of interest too. The typical strength B∗

0 of the
force-free applied dipole magnetic field and the importance of advection are measured
by the Hartmann and magnetic Reynolds numbers

M =
L∗B∗

0√
µoρνη

and RM =
L∗2Ω∗

i

η
(L∗ = r∗

o − r∗
i ) (1.1a, b)

respectively, where ρ is the density, ν is the viscosity, µo is the magnetic permeability
and η is the magnetic diffusivity. We restrict attention to strong magnetic fields and
slow steady flow which correspond to the limits

M � 1 and RM � 1. (1.2a, b)

The later assumption ensures that the magnetic field perturbations are small and is
essentially the basis on which we linearize our equations.

In our large Hartmann number limit, various boundary layers can be isolated.
Hartmann layers of width δ∗

H =
√
µ0ρνη/B

∗
0 = L∗/M form on the inner and outer

boundaries. The free shear layer, mentioned above, forms about the magnetic field
line, which we call C, that touches the outer sphere at its equator. This layer has
characteristics similar to the free shear layer caused by current injection and removal
by electrodes in channel flow (see Müller & Bühler 2001, Chap. 7) and has the
same width

√

L∗δ∗
H = L∗/M1/2 as sidewall boundary layers (see Roberts 1967a). The

presence of the C-line shear layers in the shell were clearly identified by the numerical
simulations of Dormy et al. (1998) (see also Dormy 1997 and the discussion in
Starchenko 1998a,b). Surprisingly Dormy et al. (1998) found that the angular velocity
in these M−1/2-shear layers exceeded by about 50% the angular velocity Ω∗

i of the
inner sphere. We say surprising because Lenz’s law says that the Lorentz force acts to
retard motion, which locally is evidently not true here. Indeed the situation provides
yet another ‘warning example to those who might wish to apply Lenz’s law in detail!’
(Roberts 1967a , p. 183). Dormy et al.’s (1998) finding was subsequently given further
numerical support by Hollerbach (2000, 2001) and Hollerbach & Skinner (2001).
Those papers emphasize that the nature of the electromagnetic boundary conditions
play an extremely important role. Indeed their numerical results show that when both
the inner and outer spheres are electrically conducting, the super-rotation is very
large, O(M0.6). The sensitivity to boundary conditions can be traced to the role played
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by the Hartmann jump conditions on the inner and outer boundaries. We elaborate
on this point in § 6, where we offer a tentative explanation for this large power law.
A comprehensive analysis of that intriguing case is challenging and lies outside the
scope of this present paper.

Though Starchenko (1997) considered the case of a rotating shell (E � 1), he
worked in the large Elsasser number limit for which the boundary layer structures
that he isolated are largely similar to those that we consider. Indeed, he proposed
a mechanism for super-rotation. The effect he isolated is in fact small but may well
produce an O(M−1) super-rotation in the equatorial mainstream region, as we explain
in § 6. Nevertheless, being small it is not responsible for the O(1) super-rotation that
occurs in the C-line shear layer.

In this paper, we develop an asymptotic large-M theory and compare it with
numerical integrations of the complete governing equations at large but finite M. Our
development is organized as follows. In § 2 we formulate our problem. We describe
the mainstream solution, first obtained by Starchenko (1997), valid outside boundary
layers and compare it to the numerical solution of the complete governing equations.
The differential rotation leads to a current flow from the inner conducting sphere
out through the fluid along the meridional magnetic field lines. On arrival at the
outer boundary it is carried to the equator inside the Hartmann boundary layer and
is returned along the C-line to the inner sphere. In § 3.1 we formulate the C-line
shear layer problem and report results of its numerical solution; in § 3.2 we obtain
analytic solutions for the narrow gap limit. In § 4 more detailed comparisons are made
between the numerical results for the boundary layer and the complete problem. Now
it is important to appreciate that a significant fraction of the Hartmann layer current
reaches the small equatorial Hartmann layer (the shaded region on figure 7 below),
which is only a point on the scale of the C-line shear layer. The current from
this point source follows the C-line but spreads laterally causing the azimuthally
directed Lorentz force to take opposite signs on either side. The fluid is de-accelerated
(accelerated) on the polar (equatorial) side by an O(1) amount. The equator-side
acceleration provides the O(1) super-rotation.

Some small discrepancies are found in the numerical comparisons between the full
numerics and the shear layer theory. These may be traced to low-order corrections
which arise because the free shear layer intersects the outer-sphere boundary in the
vicinity of its equator over a relatively long latitudinal length O(L∗M−1/4). Here a thin
Hartmann layer can still be distinguished but thickens as the equator is approached.
Eventually it becomes the equatorial Hartmann layer, which constitutes the source
mentioned above, with characteristics more in common with sidewall boundary layers;
it has width O(L∗M−2/3), extends over the latitudinal length scale O(L∗M−1/3) and
its existence leads to the source of the dominant correction to the free shear layer.
In § 5, we obtain the analytic solution for this layer using a remarkable technique
developed by Roberts (1967b) (see also Roberts 2000) for a closely related problem.
Our result enables us to determine a displacement thickness δ∗ = O(L∗M−2/3) for the
M−1/2-shear layer. By that we mean that the shear layer is effectively triggered on the
equatorial plane at a radius r∗

o − δ∗ rather than at the outer boundary r∗
o . With the

inclusion of this correction to the shear layer solution, we find excellent agreement
with the full numerical simulations.

2. Formulation

We adopt L∗, L∗Ω∗
i and B∗

0 as our units of length, velocity and magnetic field
respectively; the superscript star is dropped for all dimensionless quantities.
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Q

E
o

%

0

Figure 1. The northern hemisphere geometry. At large M, the polar P and equatorial E mainstream
regions are separated by the shear layer containing the magnetic field line C joining Eo to Q.

Relative to cylindrical polar coordinates (s, φ, z), our applied dipole magnetic field
is

BM = ∇A × φ̂

s
= −∇Φ =

(

3sz

2r5
, 0,

2z2 − s2

2r5

)

, (2.1a)

where

A = 1
2
s2/r3, Φ = 1

2
z/r3

(

r :=
√

s2 + z2

)

. (2.1b)

It determines

s−2|∇A| = |BM |2 = 1
4
(s2 + 4z2)/r8. (2.1c)

The magnetic field line C: A = 1/2ro divides the fluid shell up into two domains
P: A < 1/2ro and E: A > 1/2ro. In the former polar domain P the magnetic field
lines intersect both the inner and outer shell boundaries r = ri and r = ro, where
ro − ri = 1. In the latter equatorial domain E the magnetic field lines intersecting
the inner sphere boundary cross the equator within the fluid and return to the inner
sphere without ever meeting the outer spherical boundary. The dividing line C is
important because it has grazing contact with the outer sphere at the equator Eo.
There we find it convenient to introduce the alternative Hartmann number

M := 1
2
r−2
o M (2.2)

based on the local magnetic field strength B∗
0/2r

3
o (s = ro, z = 0 in (2.1c)) and the

length r∗
o . We denote the intersection of C with the inner sphere by Q (see figure 1).

The slow steady azimuthal velocity (0, sΩ, 0) forced by rotating the inner sphere
induces small magnetic field perturbations (0, RMB, 0). The equations of motion and
magnetic induction are linearized on the basis that RM is small and their φ-components
give

M2s−1 BM · ∇ (sB) +
(

∇2 − s−2
)

(sΩ) = 0, (2.3a)

sBM · ∇Ω +
(

∇2 − s−2
)

B = 0. (2.3b)
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V
+

V
–

Ω–1

–MsB

M/r2
o
 = 102 M/r2

o
 = 103 M/r2

o
 = 104

Figure 2. The full numerical solutions of the governing equations for the radius ratio ri/ro = 0.35 at
increasing values of M. Contours at uniformly spaced levels of constant positive (negative) isovalues
of V+, V−, Ω − 1 and −MsB in the meridional plane are indicated by the continuous (dotted) lines.

On the rigid outer insulating boundary (r = ro), we require that

Ω = 0, B = 0, (2.4a, b)

while on the inner boundary (r = ri), the no-slip condition requires that

Ω = 1. (2.5a)

Since the inner solid sphere is a conductor with the same conductivity as the fluid,
we therefore require that

B and
∂B

∂r
are continuous across r = ri (2.5b)
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with B satisfying
(

∇2 − s−2
)

B = 0 in r < ri. (2.6)

It is also helpful to take advantage of the symmetries corresponding to those of
the applied dipole field, A(s,−z) = A(s, z), namely Ω(s,−z) = Ω(s, z) and B(s,−z) =
−B(s,−z), which respectively imply

∂Ω

∂z
= B = 0 on the equator z = 0. (2.7)

In the large Hartmann number limit M � 1 for which our asymptotic analysis is
valid, the dissipation in the mainstream exterior to all boundary layers is negligible.
With the neglect of viscosity, the Lorentz force vanishes j × BM = 0, where j =

s−1
∇sB × φ̂ is the electric current measured in appropriate units, implying that the

current lines sB = constant are aligned with the meridional magnetic field lines.
Likewise with the neglect of Ohmic diffusion, the magnetic field is frozen to the fluid
and satisfies Ferraro’s (1937) law of isorotation, namely that the angular velocity Ω is
constant on field lines. From a more formal point of view, (2.3) have solutions with
functional form

Ω = F(A) + O(M−1), sB = −r2
oM

−1G(A) + O(M−2) (2.8a, b)

(cf. Starchenko 1997, equation (31)), in which the leading-order terms depend on A
alone.

In order to understand the nature of the boundary layer structures, we introduce
the Alfvén variables

V± = sΩ ± MB, (2.9)

which satisfy (2.3) when

BM · ∇V± ± M−1
(

∇2 − s−2
)

V± = s−1Bs V∓. (2.10)

They should be interpreted as advection–diffusion equations, which are coupled by the
source terms on their right-hand sides. The advection is manifested by BM; when BM

directed from the inner to the outer sphere, V+ (V−) is convected inwards (outwards).
As a consequence, V+ (V−) is continuous across the Hartmann layer on the outer
(inner) sphere. Continuity of V+ across the outer Hartmann layer together with the
boundary condition (2.4a, b) implies that the mainstream boundary condition on the
outer sphere is

sΩ + MB → 0 as r ↑ ro. (2.11)

On the inner boundary, the complete solution of the Hartmann layer equations, which
satisfy the boundary conditions (2.5a, b), is

B ≈ Bi +
1

M|Bri|

(

∂B

∂r

)

i

{

1 − exp
[

−M|Bri|(r − ri)
]}

, (2.12a)

Ω ≈ 1 +
1

sBri

(

∂B

∂r

)

i

{

1 − exp
[

−M|Bri|(r − ri)
]}

, (2.12b)

provided that

M|Bri| |Bi| �
∣

∣

∣

∣

(

∂B

∂r

)

i

∣

∣

∣

∣

, (2.12c)

where Bi and (∂B/∂r)i denote the values of B and its radial derivative inside (but at
the boundary of) the solid conductor, while Bri denotes the radial component of BM
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normal to the boundary at the location (si, zi). This yields the mainstream boundary
conditions

B → Bi +
1

M|Bri|

(

∂B

∂r

)

i

, Ω → 1 +
1

siBri

(

∂B

∂r

)

i

as r ↓ ri, (2.12d )

on the inner sphere.
The mainstream solution, that satisfies the symmetry conditions, Ω(s,−z) = Ω(s, z),

B(s,−z) = −B(s, z) and the Hartmann jump conditions (2.11), (2.12), is

F(A) = 1 everywhere (except on A = AQ = 1/2ro) (2.13a)

and

G(A) =

{

A/AQ in region P: 0 6 A < AQ

0 in region E: AQ < A 6 1/2ri

(2.13b)

(cf. Starchenko 1997, equation (79)). In applying (2.12d), we have assumed that
(1/Bi) (∂B/∂r)i is of order unity, i.e. the radial length scale adopted by the potential
solution inside the solid sphere is the same as the latitudinal length scale on its
surface. So, since B = O(M−1), the mainstream boundary condition (2.12d) reduces
to Ω = 1 + O(M−1) as r ↓ ri. Consequently, the terms neglected in our application
of the boundary conditions (2.11) and (2.12d) are both O(M−1) consistent with our
assumption (2.8). Note, however, that our error estimates are larger (O(M−1/2)) near
Q, where the C-line shear layer has a short O(M−1/2) length scale, but the inequality
(2.12c) is still met comfortably.

From (2.8b) and (2.13b) we deduce that the total electric current flowing outwards
in the polar region P is

Jout := 2π(sB)A=AQ
= − π/M (2.14)

(see (2.2)). Since none flows in the equatorial region E, it is all returned along the
C-line shear layer.

We performed direct simulations of equations (2.3) up to Hartmann number
2M := M/r2

o = 104 for the radius ratio ri/ro = 0.35. In order to achieve better
comparison with the asymptotics, we considered an initial value problem in which we
reinstated inertia into (2.3a) by replacing the zero on its right-hand side by ∂Ω/∂t.
It is important to appreciate that this is purely a device to aid convergence and only
the final steady state is of interest. The two scalars Ω and B are represented as

Ω =

L
∑

0

Ωl(r)P
1
2l+1(cos θ), B =

L
∑

1

Bl(r)P
1
2l(cos θ), (2.15a, b)

where θ is the colatitude. We calculated Bl and Ωl on a radial grid stretched so that
inner and outer Hartmann layers are well resolved. For M/r2

o = 104 we employed
very high resolution (5000 points in radius and harmonics up to L = 220). The
solutions in meridional planes are illustrated in figure 2. The constancy of sB on
magnetic field lines in the polar region P implied by (2.13b) is clear. The absence
of contours of constant sB in E and Ω in both P and E is consistent with (2.13).
Evidently a free shear layer remains across the dividing field line C: A = AQ, where
the mainstream approximations break down. Of course, as this layer thins with
increasing M the global resolution of the spectral method becomes more and more
difficult to implement and the boundary layer approach is then more attractive. For
the boundary layer treatment of the shear layer, the Alfvén variables V± are more

· 8)8



Super-rotating MHD shear layer in spherical shell 271

relevant than Ω and B, which is why contours of their constant values are portrayed
also on figure 2. We discuss the nature of this free shear layer in the following section.

3. The shear layer C
For reasons that will become clear when we study the equatorial Hartmann layer

on the outer sphere in § 5, we introduce the notion of a CM-field line. It is defined to
be the field line CM: A = AM := 1/2rM , where rM < ro is chosen for our convenience
later to be a function of M with the property that rM ↑ ro as M → ∞. More
specifically it is a field line that emerges from inside the equatorial Hartmann layer
and so ro−rM = O(M−2/3), which remains small compared to the shear layer thickness
O(M−1/2).

Points on the CM-line may be defined parametrically by

s = rMζ3/2, z = rMζ(1 − ζ)1/2, (3.1a)

where

ζ = r/rM , and ζMi = ri/rM . (3.1b)

An important weighted measure of distance along the line is

α(ζ) = −2

∫

EM

s2BM · dx = 2

∫

EM

s2 dΦ

= −2

∫ ζ

1

1 − 3
4
ζ

(1 − ζ)1/2
dζ = (2 − ζ)

√

1 − ζ, (3.2)

where EM: (rM , 0) is the intersection of the CM-line with the equatorial plane. Thus
the weighted distance along CM from EM to its intersection QM: (sMi, zMi) with the
inner sphere is αMi := α(ζMi). Thus we normalize this distance by introducing the
coordinate lM defined by

lM :=

∫

QM

s2BM · dx

/
∫ EM

QM

s2BM · dx = 1 − α(ζ)

αMi

, (3.3a)

which has the property that it is zero at QM and unity at EM . Distance normal to CM

is measured by the stretched flux function coordinate

nM :=
√

2M/αMi(−A + AM). (3.3b)

Throughout the remainder of this section we consider only the limiting case rM = ro.

3.1. The boundary layer formulation

We adopt boundary layer coordinates (l, n) ≡ (lM , nM) in the limit M → ∞. They are

l := 1 − α(ζ)/αi, n :=
√

2M/αi(−A + AQ), (3.4a, b)

where

αi := 2

∫ Eo

Q

s2BM · dx = α(ζi) with ζi := ri/ro. (3.4c)

In terms of ζi the inner and outer spherical boundaries are located at

ri = ζi/(1 − ζi) and ro = 1/(1 − ζi). (3.4d )
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Our choice of sign in the definition of n ensures that n is positive in P and negative in
E. Relative to the boundary layer coordinates (l, n), the boundary layer approximations
of (2.10) yield

∂V±
∂l

± ∂2V±
∂n2

=
1

s

∂s

∂l
V∓, where s(l) = roζ

3/2 (3.5a, b)

is defined implicitly as a function of l via (3.2) and (3.4a). The pair of parabolic
partial differential equations (3.5a) are coupled by the term on the right-hand side,
which arises due to curvature effects. The strength of the coupling is determined by
the size of the coefficient

1

s

∂s

∂l
=

3αi
4

√
1 − ζ

ζ
(

1 − 3
4
ζ
) . (3.5c)

Solutions of (3.5a) are required that match with the mainstream solution (2.8).
Expressed in our boundary layer coordinates, (2.13) determines the boundary condi-
tions

V± →







s ∓ (r2
o/s)

(

1 −
√

αi/Mn
)

as n ↑ ∞

s as n ↓ −∞
(3.6)

on 0 < l < 1, remembering that s = s(l) and M = M/2r2
o .

To obtain the inner-sphere boundary conditions at l = 0, we need to consider
the Hartmann layer at Q. Since the shear layer thickness is O(M−1/2), that is the
latitudinal length scale imposed on B at the surface of the solid inner conductor.
The potential solution has the same radial scale and so we estimate that (∂B/∂r)i =
O(M1/2Bi) = O(M−1/2). Consequently, the Hartmann jump condition (2.12d) becomes
Ω = 1 + O(M−1/2), which determines the condition

V− + V+ = 2sQ + O(M−1/2) (3.7)

at l = 0 on the inner sphere.
The situation on the outer sphere is rather more delicate and we need to be aware

of its location So: s = so(z) relative to our boundary layer coordinates. On So, the
value Ao of A satisfies AQ −Ao = z2/2r3

o . Since the C-line and So are tangent to each
other at Eo, where l = 1, we may assume that, at given l close to unity, we may make
the approximations z ∼ ro(1 − ζ)1/2 and α ∼ (1 − ζ)1/2. In this way we obtain, using
(3.4a), the approximate results

Ao − AQ ∼ 1
2
(1 − ζ)

/

ro and 1 − l ∼
√

1 − ζ
/

αi, (3.8a, b)

which together with (3.4b) determines the approximate location

no = α
3/2
i M1/2 (1 − l)2 (3.8c)

of the outer-sphere boundary So: n = no(l). Evidently So eats into the boundary
layer up to a distance |1 − l| = O(M−1/4), as illustrated on figure 7 below. Fortunately
this distance tends to zero as M → ∞ and so correct to lowest order the outer-sphere
boundary conditions can be applied at l = 1.

In the neighbourhood of the equator Eo, the outer-sphere Hartmann jump condition
(2.11) requires V+, to vanish, while symmetry demands that B vanishes on z = 0.
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Together they yield the boundary conditions

V+ =







0 for n > 0

V− ≡ ro

(

1 −
√

αi/Mn
)−1

[1 + ΩS ] for n < 0
(3.9a, b)

at l = 1. Here we have introduced

ΩS (n) ≡ Ω − 1, (3.9c)

which measures super-rotation on the equatorial plane in the vicinity of Eo.
In addition to the O(M−1/2) errors introduced by ignoring the Hartmann layer

corrections at l = 0 and the higher-order matching terms as |n| → ∞ on 0 < l < 1,
more substantial errors O(M−1/3) are incurred at l = 1 through not considering the
small equatorial Hartmann boundary layer (|1 − l| = O(M−1/3) and n = O(M−1/6)),
see figure 7 below. We rectify that deficiency in § 5.

We solved the boundary layer equations (3.5a) numerically subject to the lowest-
order boundary conditions

V± →
{

s ∓ (r2
o/s) as n ↑ ∞

s as n ↓ −∞
(3.10)

on 0 < l < 1,

V− + V+ = 2sQ (3.11)

at l = 0, and

V+ =

{

0 for n > 0

V− ≡ ro [1 + ΩS ] for n < 0
(3.12)

at l = 1 on the outer sphere, where the O(M−1/2) terms appearing in (3.6), (3.7) and
(3.9a) have been neglected. Results for the shell radius ratio ζi = 0.35 employed for
figure 2 are illustrated in figure 3. The curves of constant V+ clearly indicate how it
is advected from the singularity at the equator of the outer sphere Eo: l = 1 in the
direction of decreasing l. It is essentially reflected at the inner sphere at Q: l = 0
and is returned as 2sQ − V− in the direction of increasing l. The advection–diffusion
equations (3.5a) for V± are coupled by the source term (1/s)(∂s/∂l)V∓ on their right-
hand side. This source term appears to be responsible for the ‘nose-like’ structures
visible on the contours of constant V± for the large Hartmann number solutions in
figure 2; they are clearly faithfully reproduced by the boundary layer solutions shown
in figure 3.

The value −B = roV−/2M on the outer sphere for l = 1 is of some interest. It
reduces from −B = ro/M as n ↑ ∞ to −B = ro(1 +ΩS (0))/2M as n ↓ 0. The fact that
it is not zero determines the strength of the equatorial current source

Jsource = − 1
2
π [1 + ΩS (0)]/M = 1

2
[1 + ΩS (0)]Jout, (3.13)

which emanates from the equatorial Hartman layer, where n = O(M−1/6) (see § 6
below). The remaining current Jout[1 − ΩS (0)]/2 is returned directly into the shear
layer (n = O(1)) from the Hartmann layer itself, where n � M−1/6. This feature is
clearly portrayed by the contours of −MsB = constant in figure 3; some contours
stem from the source, while others originate from the Hartmann layer at l = 1. There
is also evidence of this partitioning of the return current into the source Jsource and the
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continuous distribution Jout − Jsource from the full numerics for the case M/r2
o = 104

portrayed in figure 2.

3.2. The narrow gap limit

Though the boundary layer problem posed can only be solved numerically in general,
some analytic progress can be made in the narrow gap limit

ε = (ro − ri)/ro � 1, (3.14a)

for which we may make the estimates

ro − s

ro
= O(ε) and

1

s

∂s

∂l
= O(ε) noting that 1 − ζi = ε. (3.14b)

Upon neglecting the O(ε) terms in the boundary layer equations (3.5a), they then
decouple and can be solved successively. Even though the ensuing system is relatively
simple, it retains sufficient complexity to demonstrate the super-rotation phenomena.
So our prime objective here is to determine the unknown super-rotation ΩS (n).

We take (3.12) as our initial data V−(n, 1) = ro[1 + ΩS (n)] at Eo and solve the
diffusion problem on 0 < 1 − l < 1 for V+. Its value V+(n, 0) at Q provides, via (3.11),
the initial data V−(n, 0) = 2 − V+(n, 0) for V+ on 0 < l < 1. The solution to both
problems can be expressed in the form

V±
ro

= 1∓ 1
2
erfc

( − n√
4(1 ∓ l)

)

± 1√
4(1 ∓ l)π

∫ 0

−∞
ΩS (n

′) exp

(

− (n − n′)2

4(1 ∓ l)

)

dn′. (3.15)

The requirement, that the final value V−(1, n) for n 6 0 at Eo is the same as the initial
value of V+(1, n) there, leads to the integral equation

ΩS (n) = 1
2
erfc

(− n√
8

)

− 1√
8π

∫ 0

−∞
ΩS (n

′) exp

(

− (n − n′)2

8

)

dn′, (3.16)

for n 6 0, whose solution in turn determines the complete solution (3.15). In turn,
the corresponding values of sΩ = (V+ +V−)/2 and B = (V+ −V−)/2M (see (2.9)) are
readily obtained.

For n < 0, the solution of the diffusion problem can be expressed in terms of
normal modes periodic in l of half period l = 2. Such separable solutions exist with

ΩS (n) = Re

{ ∞
∑

k=0

Ω̂k exp
[

(1 + i)
√

(2k + 1)π
n

2

]

}

on n < 0. (3.17a)

Here the complex constants Ω̂k are the coefficients of the Fourier expansion of a
periodic C-line function, which reverses sign under the shift l → l + 2 and is defined
by r−1

o V+(0, 1 − l) − 1 on 0 6 l 6 1 and 1 − r−1
o V−(0, l − 1) on 1 6 l 6 2. Of course, the

values of Ω̂k are unknown, but the form of (3.17a) does provide useful information
about the large −n behaviour, namely that

ΩS (n) ∼ |Ω̂0| exp
(

1
2

√
π n

)

cos
(

1
2

√
π n − ϕS

)

as n ↓ −∞, (3.17b)

where Ω̂0 = |Ω̂0| exp (−iϕS ). Essentially, ΩS oscillates with period 4
√
π and decays

exponentially in the −n-direction.
Though (3.17a) can be used as the basis of a method of solution, it is perhaps

more instructive to solve (3.16) by successive iteration. This gives a series expansion
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V
+

V
–

Ω–1

–MsB

Figure 3. The numerical solution of the boundary layer equations (3.5a) in the l, n-plane for the
radius ratio ri/ro = 0.35 of figure 2. The l-axis 0 6 l 6 1 is identified by the horizontal dashed lines;
the vertical extent is −15 6 n 6 15. As in figure 2, positive (negative) isovalues are indicated by the
continuous (dotted) lines.

whose first two terms are

ΩS (n) =
1

2

[

erfc

(− n√
8

)

− 1√
8π

∫ 0

−∞
erfc

(− n′
√

8

)

exp

(

− (n − n′)2

8

)

dn′ + · · ·
]

(3.18a)

which reduces to

ΩS (n) =
3

4
erfc

(− n√
8

)

− erfc
(− n

4

)

[

1

2
− 1

8
erfc

(− n

4

)

]

+ · · · . (3.18b)

The numerical solution for V+(1, n)/ro = 1 + ΩS (n) obtained by taking the first two
terms of (3.18) is illustrated by the dashed curve on figure 4, which according to
(3.18b) terminates with ΩS = 3/8 at n = 0.

The iterated solution agrees with the numerical solution of the boundary layer
equations and they are also shown on figure 4. As n is increased from −∞, the value
of ΩS decreases slightly from zero to a minimum ΩS ≈ −0.0070 at n ≈ −4.3636 and
then increases monotonically through zero at n ≈ −3.4376. The separation (≈ 0.93)
between the minimum and zero of ΩS is in excellent agreement with the eighth period√
π/2(≈ 0.89) predicted by the large −n asymptotic result (3.17b). Then ΩS continues

to increase, terminating at n = 0 with the value ΩS (0) ≈ 0.4139. This lies within the
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1.4

1.3

1.2

1.1

1.0

0.9
–10.0 –7.5 –5.0 –2.5 0

n

Ω

Figure 4. The angular velocity 1 + ΩS (n) on the equatorial plane plotted vs. n in the narrow gap
limit ε � 1. The dashed line denotes the two-term solution (3.18), the continuous line denotes its
iteration to 100 terms and the stars denote the numerical solution of system (4.1).

range 0.375 < ΩS (0) < 0.5 suggested by the single-term and two-term expansions of
(3.18a), which by the alternating nature of the series naturally bound the realized
value. Of greater significance is the fact that ΩS > 0 in the range −3.4376 < n 6 0.
This feature is obvious even from the simple first term of the series expansion (3.18a),
while the region of small negative ΩS is suggested by the two-term representation
(3.8b).

Our semi-analytic treatment of the narrow gap limit isolates the key mechanisms
responsible for super-rotation. In particular, curvature effects, which we neglected
in (3.14), are evidently unnecessary. Instead, we need to examine carefully how the
electric current circuits are closed inside the electrically conducting fluid; we discuss
this issue in the wide gap context in § 4.2 below.

In the next section we describe the numerical procedures adopted to solve the shear
layer boundary layer problem. We discuss in more detail the nature of the results and
make quantitative comparisons with the numerical solution of the complete governing
equations (2.3) illustrated in figure 2 at finite M.

4. Numerical solution of the C-boundary layer equations
The numerical solution of (3.5a) subject to the boundary conditions (3.10), (3.11)

and (3.12) can be achieved by successively relaxing (3.5a+) and (3.5a−). We chose
to use a finite difference scheme, well suited for this geometry. It consisted of a
second-order scheme to compute the diffusion along n, and an up-wind first-order
scheme to compute advection in l.

4.1. Narrow gap limit

The solution of the uncoupled system

∂V±
∂l

± ∂2V±
∂n2

= 0 (4.1)
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appropriate to the narrow gap limit does not raise any particular difficulties. We
only need to reduce the infinite domain in n to a finite computational domain.
Solutions were obtained subject to two distinct sets of boundary conditions at the
upper and lower n-boundaries. On the one hand, we applied Dirichlet boundary
conditions and, on the other, Robin boundary conditions (exponential decrease). We
checked that our computational domain was large enough for both approaches to
give the same results. By this device numerical solutions were obtained (see the stars
of figure 4) that are in excellent agreement with the iterated analytical solution (3.18)
of § 3.2.

4.2. Wide gap limit

The numerical solution of the coupled system (3.5a) requires some additional care.
As n → ±∞, our boundary conditions (3.10) require that n-derivatives vanish.

There V± solves

∂V±
∂l

=
1

s

∂s

∂l
V∓ (4.2)

with diffusion neglected and its solution is, of course, that defined by (3.10) as
n → ±∞. In the case of the discrete analogue of (4.2), the boundary condition (3.10)
as n ↓ −∞ is a solution but the boundary condition (3.10) as n ↑ ∞ is not; this is
due to the nature of the up-wind discrete operator. Indeed, the error thus introduced
if (3.10) is used as the numerical boundary condition does not let the successive
relaxations reach a steady solution and the iterative resolution diverges. To overcome
this difficulty, we replaced (3.10) as n → +∞ with the numerical solution of (4.2)
imposing V+ = 0 at l = 1 and V− = 2sQ − V+, at l = 0. This numerical boundary
condition is consistent in the sense that it tends to (3.10) as the number of l-points
tends to infinity.

The numerical approximation of (3.5a) itself has inherent difficulties. We add
artificial diffusion (often referred to as ‘numerical diffusion’) to this equation in the
l-direction by use of the up-wind operator. This diffusion was kept small by using
a large number of points (up to 8000) in this l-direction. For that, the difference
between the numerical and exact boundary condition mentioned above is then less
that 1%. We employed 600 points in the n-direction and results for the case ζi = 0.35
are illustrated on figure 3; they should be compared to the full numerical solution of
(2.3) illustrated in figure 2.

A more quantitative comparison between the boundary layer solution and the full
numerics is possible by looking at the cross-sections of the shear layer at various
values of l as illustrated in figure 5 for the case ζi = 0.35. Our boundary layer equations
have been solved subject to the conditions that all quantities tend to constants as
n → ∞ (see (3.10)). Nevertheless, it is quite clear that the numerical results at finite
Hartmann number veer away from those constant values as n ↑ ∞. This is consistent
with the O(M−1/2) corrections present in the true boundary conditions (3.6). The
termination of the finite-M curves at certain positive values of n reflects the fact that
the cross-section has either reached the symmetry axis (l = 0.1) or the outer sphere
l = 0.4 and l = 0.7; in the extreme case (l = 1.0) the outer boundary is reached at
n = 0 in all cases. The abrupt drops in values of V− visible in some cases for l = 0.4
and 0.7 are manifestations of the Hartmann layer on the outer boundary.

It is important to remember that contours of constant sB are electric current lines
(see above (2.8)). In the mainstream region they are almost parallel to the meridional
field lines (see (2.8)) and so produce no Lorentz force. That negative electric current
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Figure 5. For caption see facing page.

(j is directed inwards) is returned in the outer Hartmann boundary layer to the
equator. Its total magnitude on entering the shear layer is |Jout| (see (2.14)). A small
fraction |Jout|(1 −Ωs(0))/2 escapes directly into the shear layer but the larger fraction
|Jsource| = |Jout|(1+Ωs(0))/2 (see (3.3)) is returned from the small equatorial Hartmann
layer, which on the scale of the shear layer is a point source. The consequences of that
are clear in figure 3. The negative current Jsource emerging from the source spreads with
decreasing l (j is directed outwards). Whether the corresponding contours of constant
sB cross the contours n =constant from below or above determines the sign of the
Lorentz force j×BM . In figure 3 the contours of −MsB have the correct inclination for
negative n to accelerate the fluid. Another measure of the domain, in which the fluid
is accelerated, is provided by figure 5. There acceleration occurs when ∂2Ω/∂n2 < 0,
which is identifiable for moderate negative values of n. The cross-section l = 1 is
particularly revealing in this respect, exhibiting features similar to those already seen
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Figure 5. The quantities V+/ro, V−/ro, Ω and −MsB plotted vs. n at l = 0.1, 0.4, 0.7 and 1.0
for the radius ratio ri/ro = 0.35. Numerical solutions of the governing equations (2.3) are shown
for M/r2

o = 102, 103, 104 by continuous (except for V−/ro dashed) lines of increasing solidity; the
numerical solutions of the boundary equations (3.5a) are identified by the short-long-dashed curves.
The larger the value of M the closer the curve is to the asymptote.

in the narrow gap limit, and is well represented by the asymptotic solution. For that
the value of ΩS decreases slightly from zero at n = −∞, as n is increased; it attains its
minimum ΩS ≈ −0.01780 at n ≈ −6.4776, then increases monotonically through zero
at n ≈ −5.1619 to its maximum Ω ≈ 0.4530 at n ≈ −0.7663, then finally decreasing
and terminating at n = 0 with the value ΩS (0) ≈ 0.4147 close to the value found in
the narrow gap limit.

The fact that the maximum angular velocity Ω is found on the equatorial plane
(l = 1) not at Eo (n = 0) but at a finite distance inside the fluid at n ≈ −0.7663, is
a curious feature special to the finite gap. It is therefore dependent on the coupling
term (1/s)(∂s/∂l)V∓ on the right-hand side of (3.5a). The plots at l = 0.7 on figure 5
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Figure 6. As for figure 5 (except for V− now continuous) but plotted vs. l on the C-line n = 0.

suggest that the value of V+ being advected inwards from the equator acts as a
sufficiently strong source to alter the outwardly advected V− giving it a flattened
profile at its centre. This is ultimately manifested by the interior local maximum on
the equator. Another manifestation of the same effect is identified by an ‘S’-shaped
contour of V− at the centre of the layer close to the equator l = 1 in figure 3.

An alternative and somewhat more testing comparison is made on figure 6, where
quantities are plotted on the C-line (n = 0). There some apparently substantial
differences between the numerics and asymptotics are visible. The most obvious
failure occurs in the neighbourhood of l = 1 and can be accounted for by noting
that when |1 − l| = O(M−1/3) the C-line is inside the equatorial Hartmann boundary
layer, where the shear layer boundary layer problem that we have solved ceases to be
valid. Outside this equatorial layer it appears that our numerics converge slowly for
large M.

Returning to figure 5, we notice that the Ω-profiles appear to be shifted by an
amount consistent with a boundary layer displacement induced by the equatorial
Hartmann layer. We explore this idea in the next section and isolate such a boundary
layer displacement through solving the equatorial Hartmann layer problem. We then
redraw the figure 5(a) for Ω at l = 1 in figure 9 below but with each finite-M
curve displaced by its appropriate amount. In the same spirit, we draw figure 10
below equivalent to figure 6 but the results for the full numerical solution at each
given M are plotted on the properly chosen displaced CM-line. The improvements
obtained strongly support our contention that the leading-order corrections stem
from a boundary layer displacement.
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Figure 7. A schematic representation of the equatorial Hartmann layers and its neighbouring
boundary layers on the outer-sphere boundary So. Its relation to the M−1/2 C-shear layer and the
outer sphere M−1 Hartmann layer are shown (a) in the meridional plane and (b) relative to the l, n
boundary layer coordinates of the shear layer.
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Figure 8. The angular velocity profiles Ω plotted vs. ρ in the equatorial Hartmann layer on the
equator τ = 0 for the radius ratio ri/ro = 0.35. The curves for M/r2

o = 102, 103, 104 are identified by
continuous lines of increasing solidity, which for small ρ approach the asymptotic solution (5.12)
given by the short-long dashed curves.

5. Equatorial Hartmann layer

The length scales for the equatorial Hartmann layer are dictated by the outer-sphere
boundary shape (3.8) in the immediate vicinity of Eo and the form of the shear layer
equations (3.5c). Together they suggest the change of variables

1 − l = α−1
i M−1/3 τ, n = −α

−1/2
i M−1/6 ρ, (5.1a, b)

for which the boundary So: n = no(l) (see (3.8c)) is transformed to

ξ := ρ + τ2 = 0. (5.2)

The length scales of the equatorial boundary layer are therefore |1 − l| = O(M−1/3)
and n = O(M−1/6) (or equivalently ro − s = O(M−2/3)), as indicated on figure 7. With
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these estimates the coefficient (1/s)(∂s/∂l) (3.5c) on the right-hand side of (3.5a) is
O(M−1/3). Therefore, the term on the right-hand side of (3.5a) is smaller than the large
derivatives on the left-hand side by a factor O(M−2/3) and may clearly be neglected,
leaving

∂V±
∂τ

∓ ∂2V±
∂ρ2

= 0. (5.3)

The simplest way to formulate our boundary layer problem is to solve on the
infinite interval −∞ < τ < ∞ which includes the other half of the boundary layer in
the southern hemisphere z < 0. In this way our symmetries imply that V± can be
defined in terms of a single function Θ(ρ, τ), which solves the diffusion equation

∂Θ

∂τ
=

∂2Θ

∂ρ2
on ρ > −τ2 (5.4)

as follows:

V±(ρ, τ) = ro[1 + ΩS (0)] [1 − Θ(ρ,±τ)]. (5.5)

The idea is simply that the value of V− being advected in the shear layer down
towards the equatorial Hartmann layer is given by ro[1 −ΩS (0)] as τ ↑ ∞, namely the
leading-order approximation of it for n = O(M−1/6). This provides our initial value
unity for Θ as τ ↓ −∞. It also provides our boundary condition as ρ ↑ ∞. Since both
B and Ω vanish on the boundary, our diffusion equation (5.4) must be solved subject
to the boundary conditions

Θ

{

= 1 on the outer sphere ρ = −τ2

→ 0 as ρ ↑ ∞,
(5.6)

and the initial condition

Θ = 0 for ρ > −τ2 as τ ↓ −∞. (5.7)

In order to make analytic progress, it is helpful use ξ (see (5.2)) and τ as our
dependent variables rather than ρ and τ. Then in place of (5.4), Θ satisfies

∂Θ

∂τ
+ 2τ

∂Θ

∂ξ
=

∂2Θ

∂ξ2
on ξ > 0. (5.8)

We see at once that the large negative-τ solution has the asymptotic form

Θ = exp (2τξ) as τ ↓ −∞. (5.9)

Here the exponential simply defines a very thin boundary layer, which for our MHD
problem corresponds to the Hartmann layer associated with V− as it approaches
the equator in the shear layer from above. As τ increases, the boundary layer
width, O(−1/τ), thickens. Relative to the latitude λ = sin−1(z/ro), this corresponds to
the radial width of the Hartmann layer thickening proportional to O(|λM|−1). The
thickening stops at width O(M−2/3), when λ = O(M−1/3), which defines the dimensions
of the equatorial Hartmann layer as illustrated in figure 7.

The layer detaches from the boundary at τ = 0 and for large positive τ becomes the
shear layer in the neighbourhood of the C-line ρ = 0 or equivalently ξ = τ2. There it
has the asymptotic form

Θ =
1

2
erfc

(

ρ − δ√
4τ

)

as τ ↑ ∞ (5.10)
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on −τ2 < ρ < ∞, where the constant δ of order unity is determined by the solution.
To understand the nature of (5.10), we note that with δ = 0 it is the solution of the
diffusion equation (5.4) on the infinite interval −∞ < ρ < ∞ subject to the initial
conditions Θ = 0 on ρ > 0 and Θ = 1 on ρ 6 0 at τ = 0. This is exactly the boundary
condition which we employed at l = 1 in the previous § 4, to solve for the free shear
layer. The point that we wish to stress is that, when we match the shear layer solution
to the equatorial Hartmann layer solution, the shear layer is effectively triggered on
the equator at ρ = δ rather than at ρ = 0. In other words, the effective C-line is the
CM-line, which intersects the equatorial plane at

n = − α
−1/2
i M−1/6 δ ; (5.11a)

it determines

(ro − rM)/rM = M−2/3δ (5.11b)

entirely in terms of the local Hartmann number (2.2) appropriate to the equatorial
Hartmann layer. We relegate the details of the calculation to the Appendix but note
that complete solution (A1) and (A2) yields the result (A12), (A13). From them we
deduce

δ = 2

∫ ∞

0

[Ai(σ)]2 +
√

3Ai(σ)Bi(σ)

[Ai(σ)]2 + [Bi(σ)]2
dσ ≈ 1.2551, (5.11c)

where Ai and Bi are the usual Airy functions.
The solution (A1), (A2) may also be used to determine the angular velocity

Ω(ρ) = [1 + ΩS (0)] [1 − Θ(ρ, 0)] (5.12a)

on the equatorial plane, where

Θ(ρ, 0) =

∫ ∞

0

{

Ai(σ)

[

Ai(ρ + ω−1σ)

Ai(ω−1σ)
+

Ai(ρ + ωσ)

Ai(ωσ)

]

+ Ai(ρ + σ)

}

dσ (5.12b)

in which ω = exp (i2π/3). We plot Ω on figure 8 using the value

ΩS (0) = 0.4147 . . . for the case ζi = 0.35 (5.13)

determined by the free shear boundary layer calculation reported in § 4. The corre-
sponding values of the angular velocity computed from the full numerical integrations
at finite M are also portrayed for comparison.

In order to make a more faithful comparison with the shear layer boundary
layer solution and the numerics, we take into account the displacement thickness
determined by (5.11) in portraying the finite-M results in figures 9 and 10 below. By
that we mean that each finite-M numerical solution is determined as a function of
the shear layer boundary layer coordinates (lM , nM) defined by (3.3) which are based
on the CM-line defined by AM = 1/2rM , where rM given by (5.11b). At any given
point in the shear layer, we note that l − lM is small, O(M−2/3), so that the distinction
between lM and l is unimportant, while correct to lowest order we have

n − nM = −
(

ro

2

)1/3(
2

αi

)1/2

M−1/6δ

≈ −1.4101M−1/6 for the case ζi = 0.35, (5.14)

which though small is relatively large and significant.
In figure 9, we redraw the equatorial plot of Ω against n at l = 1 displayed in

figure 5(a). Now each finite-M solution is plotted against nM at lM = 1, whereas the
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M/r2
o 100 1000 10000 Asymptotic

nmax −1.95 −1.40 −1.12 −0.77

ρmax 3.74 3.94 4.63

ρSmax 1.48 2.17 3.18

Table 1. The location of the finite-M maxima of Ω in terms of the boundary layer coordinates
nmax, ρmax. The asymptotic boundary layer value nmax = −0.77 is cast in terms of the equatorial
Hartmann layer coordinate ρSmax.

asymptotic solution is left untouched. This plot is most revealing as it confirms that
corrections arising from the displacement thickness give excellent agreement between
the shear layer solution and the full numerics outside the thin equatorial Hartmann
layer. Though good comparisons of Ω inside the equatorial Hartmann layer are also
evident in figure 8, the lack of a clear asymptotic trend for large ρ can be attributed
to the fact that we are not yet in a true asymptotic regime. This is highlighted by
noting the locations n = nmax at which Ω (full numerics) and 1 +ΩS (the shear layer)
are maximum on the equatorial plane and translating them into the boundary layer
coordinate values ρ = ρmax and ρSmax respectively. We list these values in table 1. Thus
the location where the curvature of the free shear layer solution is important remains
within the equatorial Hartmann layer even for the largest value of M considered.
The implication is that quadratic, as well as linear effects, are influencing the large-ρ
trends visible in figure 8.

On figure 10, we repeat the plots of figure 6 but with one crucial difference: each of
the finite-M numerical solutions is plotted versus lM on its CM-line nM = 0. Though
necessary differences between the shear layer solution and the full numerics remain
in the equatorial Hartmann layer near lM = 1, the comparisons outside are far better
than those reported in figure 6. Yet again the results confirm the reliability of the
notion of a displacement thickness that we have developed.

Some bumps on the Ω-profiles can be identified near lM = 1 on figure 10, where
the CM-line nM = 0 enters the equatorial Hartmann layer. These bumps were absent
on the C-lines n = 0 portrayed in figure 6. Thus these contrasting features provide
information about the nature of the equatorial Hartmann layer at finite M.

6. Discussion

We have successfully resolved the mainstream and boundary layer structures,
obtaining their solutions by a combination of analytical and numerical techniques.
The cornerstone of our development has been the successful implementation of
numerical methods to solve the unusual coupled advection–diffusion equations that
govern the shear layer. The solution of that problem clearly accounts in a semi-analytic
way (certainly in the narrow gap limit) for the phenomenon of super-rotation. The
numerical solution of the complete governing equations at large M is also difficult.
That results were obtained at sufficiently large M to obtain convincing agreement
with the asymptotic theory was most reassuring.

From a more general point of view, the mechanism for super-rotation described in
§ 4.2 hinges on the electric current flow in our system. Essentially, negative electric
current flows outwards along field lines in the polar region P (total Jout see (2.14)), it
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Figure 9. As in figure 5(a), except that Ω at each M is plotted vs. nM at lM = 1. Note that nM ≡ n
for the asymptotic shear layer solution.

is carried down to the equator in the outer-sphere Hartmann layer and returns to the
inner sphere along the C-line shear layer. A substantial fraction Jsource (see (3.13)),
however, reaches the equatorial Hartmann layer, which effectively acts as a current
source and thus as the essential mechanism leading to super-rotation. In particular,
the current emitted from the source largely follows the C-line but spreads laterally
through diffusion. This leads to a Lorentz force, which is largely accelerating on the
equatorial side and de-accelerating on the polar side. This phenomenon is well known
in the context of channel flow, where current injected from electrodes, which are
embedded in the channel boundary, attempts to follow the magnetic field lines (see
Müller & Bühler 2001, figures 7.1 and 7.2).

Starchenko (1997) notes that the Hartmann jump condition (2.2d) can imply super-
rotation in the fluid adjacent to the inner sphere, when (1/siBri)(∂B/∂r)i > 0 (see his
equation (81)). That this is likely to happen in the equatorial region E is clear from
the contours of constant sB inside the solid conducting sphere near the equator seen
in our figure 1. Since Ω is constant on meridional field lines, small super-rotation,
O(M−1), should be present throughout E. The Hartmann jump is stronger, O(M−1/2),
near Q at the end of the C-line shear layer. Nevertheless, our analysis of the shear
layer shows that current diffusion in the shear layer has the dominating O(1) effect
and that the Hartmann jump can be ignored. Thus Starchenko’s argument is not able
to account for the O(1) super-rotation that we find and explain.

Hollerbach (2000) also considers numerically the cases in which the inner and outer
spheres are either both insulating or both conducting. The key to understanding the
dynamics of these configurations is the role played by the Hartmann layers. We limit
our discussion to the later more dramatic conducting case for which the inner-sphere
Hartmann layer has solution (2.12), while a similar solution pertains to the outer
boundary. Now for our inner conducting and outer insulating problem, we can accept
a small O(M−1) azimuthal magnetic field B by virtually locking the angular velocity
Ω of the mainstream flow to the rotation Ω = 1 of the inner conducting sphere. When
both the inner and outer solid spheres are conducting, that is no longer possible. Now
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Figure 10. As in figure 6 (note that the Ω scale has been stretched), except that solutions at each M
are plotted vs. lM on each CM-line nM = 0. Note that lM ≡ l for the asymptotic shear layer solution.

both Hartmann layers have to accept an O(1) jump in the angular velocity, which is
only achieved with a corresponding azimuthal magnetic field B = O(1) (see (2.12d)).
A correct physical explanation for this increase in magnitude of B was provided
by Hollerbach (2000) in interpreting his numerical results for different boundary
conditions. His explanation relies on two facts. First, for insulating outer boundaries,
the electric current Jout flowing outwards along meridional magnetic field lines in
the mainstream polar region P is transmitted to the equator inside the outer-sphere
Hartmann layer, as we repeatedly stress. This leads to Lorentz forces that can achieve
O(1) angular velocity jumps for relatively small azimuthal magnetic fields. Secondly,
for conducting outer boundaries, the electric currents leak out of the Hartmann
layers into the solid conductor. So to obtain a sufficiently strong Lorentz force in the
Hartmann layer capable of supporting the angular velocity jump, the entire current
flow in the system must be increased by a large factor, O(M).

We tentatively propose the following scenario for Hollerbach’s conducting inner
and outer spheres. In the mainstream, sB continues to be constant on meridional
magnetic field lines, being zero in the equatorial region E and order unity (O(1)) in
the polar region P (i.e. O(M) larger than for our case (2.8b)). Then by the magnetic
induction equation (2.3b), the resulting Ω is also O(1) in the mainstream outside the
shear layer C but no longer constant on field lines in the polar region P. Furthermore,
we propose that, unlike our problem, the bulk of the relatively large O(1) electric
current flow is returned in the mainstream polar region P. This is accompanied by
sB decreasing to zero as the C-line is approached from the polar side. Provided
that the decrease is linear, we estimate that the magnetic field, inside the shear layer
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on its O(M−1/2) width, is O(M−1/2). This means that his Alfvén variables would be
O(M1/2) larger than ours leading to a stronger super-rotation of magnitude O(M1/2).
This magnitude compares favourably with Hollerbach’s (2000) numerical estimate of
O(M0.6). However, the general picture for the super-rotation mechanism in the shear
layer, that we have proposed, should still apply, though, interestingly, this is despite
the fact that only a relatively small fraction, O(M−1/2), of the entire O(1) current flow
follows the C-line. We stress that all these estimates stem from a preliminary theory,
which forms the basis for a complete analysis of the problem at present in progress.

Considering that Roberts (1967b) had obtained, such a long time ago, an analytic
solution for the case of an equatorial Hartmann layer with magnetic field lines bending
towards the walls on leaving the equatorial plane, it is surprising that the alternative
problem with the field lines bending away does not appear to have been addressed.
Though the method of solution in the two cases is essentially the same, the specific
details and answer are different. Significantly our derivation of the displacement width
δ∗ for the free shear layer enabled us to make considerable improvements with our
quantitative comparisons with the full numerics. This leads us to believe that we have
resolved correctly all the major boundary layer processes.

It should be stressed that a key feature which enables progress to be made with the
equatorial boundary layer solution in § 5 is the insulating boundary condition that
requires B = 0. By implementation of the zero boundary condition on both V+ and
V−, the two diffusion equations (5.3) remain uncoupled. For more general boundary
conditions that is not the case. Whatever the boundary conditions, the corresponding
equatorial boundary layer solution only leads to low-order corrections; the dominant
leading-order results are not dependent on this layer.

E. D. visited the School of Mathematical Sciences at the University of Exeter in
September 1999, while A. M. S. visited IPGP in November 2000; both E. D. and
A. M. S. wish to thank their respective host institutions for their hospitality and sup-
port. A. M. S. acknowledges support of PPARC grant GR/L40922 and INTAS grant
99-00348, through which he has benefited from discussions with Dr S. Starchenko.
E.D. would like to thank Professor Y. Brenier and Dr D. Pissarenko for stimulating
discussions about the shear layer problem (3.5), (3.10)–(3.12), while we are all grateful
to Dr R. Hollerbach for useful discussions. Numerical resolution of this system was
achieved on a Cray SV1 computer at the C.C.R.-Jussieu, whereas solutions of the
complete governing equations where computed at the Service Commun de Calcul
Intensif de l’Observatoire de Grenoble.

Appendix. The equatorial Hartmann layer solution

We adapt Roberts’ (1967b) solution to a related problem of Hartmann flow down
a circular pipe with a uniform transverse magnetic field applied (see also Waechter
1969). The common feature is the existence of points on the boundary at which the
magnetic field is tangent. The problems differ in that our field lines bend away from
the boundary into the fluid as the equator is left, whereas his effectively approach the
boundary. Put another way, his problem would have been equivalent to ours if his
fluid were outside rather than inside the pipe! So though the techniques involved in
our solution are similar to his, the details are quite different.

Roberts’ (1967b) solution relies on the preliminary change of variables

Θ(ξ, τ) = exp (τξ − 1
3
τ3)Φ(ξ, τ), (A 1a)
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which satisfies (5.8) when

∂2Φ

∂ξ2
− ξΦ =

∂Φ

∂τ
. (A 1b)

Guided by Roberts’ (1967b) analysis, we demonstrate that the solution of the problem
specified by (5.4), (5.6) and (5.7) is

Φ = Φ−1 + Φ0 + Φ1, (A 2a)

where

Φn =

∫ ∞

0

Ai(σ)Ai(ξ + ωnσ)

Ai(ωnσ)
exp (ωnτσ) dσ (ω = exp (i2π/3)); (A 2b)

here ω−1, 1 and ω are the cube roots of unity. Note also that Φ−1 = Φ∗
1 for real ξ and

τ, where the star denotes the complex conjugate. It is a trivial matter to verify that
(A 2) satisfies (A 1b) by direct substitution. It only remains to show that the boundary
conditions (5.6) and initial conditions (5.7) (also (5.9)) are met.

A key step in establishing the result (A 2) is to note that the boundary condition
(5.6) Θ = 1 at ξ = 0 is met simply because of the identity

∫ ∞

0

Ai(σ)
[

exp
(

ω−1τσ
)

+ exp (τσ) + exp (ωτσ)
]

dσ = exp
(

1
3
τ3
)

. (A 3a)

This is readily established using the power series representations of the exponentials
and the identity

3

∫ ∞

0

σ3mAi(σ) dσ =
(3m)!

3mm!
for m = 0, 1, 2, 3, . . . . (A 3b)

Here the case m = 0 is given by Abramowitz & Stegun (1964, equation (10.4.47)),
while the cases m > 1 follow by mathematical induction using the property σAi(σ) =
d2Ai(σ)/dσ2 and integrating by parts; Roberts (1967b) obtained a comparable result
(his equation (49)) using integral properties of Bessel functions.

Since all the Airy functions in (A 2b) decay exponentially for large positive σ, it is
self-evident that the solution (A 2a) satisfies the boundary condition Φ → 0 as ξ ↑ ∞.

As a preliminary step to establish the initial condition (5.7) we note the alternative
form

Φ = Φ̃−1 + Φ̃0 + Φ̃1, (A 4a)

where

Φ̃n =

∫ ∞

ω−nνs

Ai(σ)Ai(ξ + ωnσ)

Ai(ωnσ)
exp (ωnτσ) dσ, (A 4b)

where νs is a positive real chosen for our convenience in (A 6) below. In obtaining
(A 4), we have cancelled the contributions from each Φn-integral from 0 to ω−nνs on
the basis of the identity ω−1Ai(ω−1ν) + Ai(ν) + ωAi(ων) = 0 (see Roberts 1967b,
figure 3 and discussion below it). The idea is to evaluate the remaining integrals
(A 4b) by the method of steepest descents. For Φ̃1, we make the change of variables
σ = ω−1ν, use the appropriate asymptotic form for Ai in the relevant sector on the
complex plane (cf. Roberts 1967b, figure 2 in the n = −1 context) to obtain the
asymptotic representation

Φ̃1 ∼
∫ νs+i∞

νs

exp (g(ν))

i
√

4π (ν + ξ)1/4
dν (A 5a)
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for −τ � 1, where

g(ν) = 2
3

[

2ν3/2 − (ν + ξ)3/2
]

+ ντ. (A 5b)

Like Roberts (1967), we start the integration from the saddle point νs, which solves

g′(νs) = 2ν1/2
s − (νs + ξ)1/2 + τ = 0. (A 6a)

For ξ � τ2, it determines

ν1/2
s ∼ −τ

(

1 +
ξ

2τ2

)

, (νs + ξ)1/2 ∼ −τ

(

1 +
ξ

τ2

)

, (A 6b)

from which we obtain

g(νs) ∼ 1
3
τ3 + τξ. (A 7a)

The steepest-descent integration off the saddle in the positive imaginary direction
then determines

Φ̃1 ∼ 1
2
exp

(

1
3
τ3 + τξ

)

. (A 7b)

Then the sum Φ̃−1 + Φ̃1 dominate the contributions to Φ̃ and together with (A 1) yield
the initial boundary layer form (5.9) for −τξ = O(1). This conclusion is important as
it finally establishes our claim that (A 2) is the solution to our diffusion problem.

To obtain the large positive-τ behaviour we first evaluate the dominant contribution
Φ0, again using the large-argument asymptotic representation for Ai. It yields

Φ0 ∼
∫ ∞

0

exp (f(σ))√
4π (σ + ξ)1/4

dσ (A 8a)

for τ � 1, where

f(σ) = − 2
3
(σ + ξ)3/2 + στ. (A 8b)

The saddle point σs, which solves

f′(σs) = −(σs + ξ)1/2 + τ = 0 is σs = τ2 − ξ ≡ −ρ. (A 9a)

It determines

f(σs) ∼ 1
3
τ3 − τξ. (A 9b)

For ρ = O(τ1/2), asymptotic evaluation in the neighbourhood of the saddle yields

Φ ∼ 1
2
exp

(

1
3
τ3 − τξ

)

erfc

(

ρ√
4τ

)

. (A 10)

With (A 1a) this determines the leading-order approximation to the asymptotic solu-
tion (5.10).

To obtain the next-order term we consider Φ1, which we evaluate using the large-
argument expansion of Ai(ξ + ωσ) alone. It gives

Φ1 ∼
∫ ∞

0

Ai(σ)

Ai(ωσ)

exp (h(σ))√
4π (ξ + ωσ)1/4

dσ, (A 11a)

where

h(σ) = − 2
3
(ξ + ωσ)3/2 + ωστ. (A 11b)

Since the ratio of the two Airy functions decays exponentially as σ ↑ ∞, we expand
(A 11b) on the basis that ρ = O(τ1/2), τ � 1 and σ = O(1). To that end, we write
ξ = τ2+ρ and retain the first three terms in the binomial expansion of [τ2+(ρ+ωσ)]3/2.
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It yields

h(σ) ∼ 1
3
τ3 − τξ − (ρ + σω)2

4τ
. (A 12)

Here the terms proportional to σ are negligible, when σ = O(1). In this way, we
obtain the leading-order result

Φ1 ∼ δ1√
4πτ

exp

(

1
3
τ3 − τξ − ρ2

4τ

)

, where δn :=

∫ ∞

0

Ai(σ)

Ai(ωnσ)
dσ, (A 13a, b)

with n = 1.
Finally we note that, for ρ = O(τ1/2), τ � 1, our proposed asymptotic solution

(5.10) has the Taylor series expansion

1

2
erfc

(

ρ − δ√
4τ

)

∼ 1

2
erfc

(

ρ√
4τ

)

+
δ√
4πτ

exp

(

− ρ2

4τ

)

. (A 14a)

This agrees with our results (A 10) and (A 13) when

δ = δ−1 + δ1, (A 14b)

which with (A 13b) reduces to (5.11c).
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