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pressibleflow usinga colocatedgrid arrangement.To avoid oscillationsassociated
with thesparsenon-compactstencil,weintroduceacompactfourth-orderequivalent
of this stencil andstudy its advantagesover the classicalsecond-orderaveraging
procedure. c��
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1. INTRODUCTION

When
	

computingincompressibleNavier–Stokes equationson a non-staggered(colo-
cated)
 grid, a Poissonequationis to besolved for thepressure(or pseudopressurein the
fractionalstepformalism).Thenumericalinstability, oftenreferredto asthe“checkerboard
problem”� or “odd–even decouplingproblem”thenhasto beaddressed.Thisproblemarises
when� second-ordercentraldifferenceapproximationsareimplementedfor boththepressure
gradient operatorin themomentumequationandthedivergenceoperatorin thecontinuity
equation� (or, with thecell centeredfinite volumeformalism,if fluxesareobtainedby cen-
tral
�

differencing),andwhenthe discretePoissonequationis defined,in a consistentand
conserv
 ativemanner, astheproductof thesetwooperators[1, 2]. ThisPoissonequationcor-
respondstoanon-compactsparsestencilandproducesanoscillatorypressurefield.Various
approaches� havebeenusedtoovercomethisdifficulty. VanderWijngaart[3] proposedtofil-
ter
�

outtheoscillations.To introduceacouplingterm,RusselandAbdallah[4] increasedthe
order� of thedivergenceoperatorat thecostof anenlargementof thestencilfor thediscrete
Laplaceoperator. The mostcommonapproach(herereferredto as“compactaveraged”)
in
�

volvesthederivationof a non-conservative compactpressurePoissonequation[2, 5–7].
This modificationis introduceddifferently dependingon the way the pressureis treated
in
�

the time integration.It canbeunderstoodasa smoothingof thepressurefield through
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an� artificial dissipation.Theenergy conservingpropertyof theschemeis destroyedin this
process.� Theerrorthusintroducedin thediscretecontinuityequationis proportionalto the
fourth-orderderivatives of thepressure[8]. Theideaof thepresentmethodis to introduce
a� fourth-order“compactequivalent” to theconservativediscretepressureequation.

2. GENERAL METHODOLOGY

In the following, we will presentthemethodusingthe fractionalstepformalism(first-
order� accuratein time[9]), thoughit canprobablybegeneralizedto thepressurecorrection
approach� or otherschemes.Wewill thussupposeavelocityfield u� � ,� whichdoesnotsatisfy
the
�

continuityequation(for instanceobtainedby time-advancingtheNavier–Stokesequa-
tions
�

without invokingcontinuity)andwewantto projectit ontoadivergence-freefield by
subtracting� thegradientof apressure-likevariable� so� that

u� � u� � �  
h

! " # (1)
$

T
%
aking the divergenceof this equationandrequiringu� to

�
satisfythe continuity equation

gi ves

&
2

'
h

! ( ) *
h

! + u� , - (2)
$

where� .
2

'
h

! stands� for thesecond-ordercenteredapproximationof theLaplacianskipping
the

�
neighboringpoints(asrepresentedonFig.1a).Thesparsenatureof thisoperatorleadsto

pressure� oscillations.A possibleremedyto thisproblemis to interpolatevariableslinearly,
which� leadsto asecond-orderapproximationof (2)

/
h

! 0 1 2
h

! 3 u� 4 5 (3)
$

W
	

e will referto this in thesequelasthe“compactaveraged”scheme.This schemecanbe
interpreted
�

asaddinga second-orderdissipative termto thepressurein orderto dampthe
oscillations.� In thefollowing wewill derive fourth-ordercompactequivalentsof (2).

FIG.
6

1. Computationalmoleculesfor thethree-dimensionalpressureequation;only theblackpointsareused
for thecomputation.(a) The 7 2h operator, beingdefinedastheproductof numericaldivergenceof thegradient,
accuratebut oscillating.(b)The7pointscompactoperatorobtainedby interpolation.(c)The19pointsfourth-order
compactequivalentoperator.
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2.1. One Dimension Compact Derivation

Using
8

theexpressionof truncationerrorfor thesecond-orderfinite differencescheme

9
h

! : ; < 2 =>
x? 2 @ h

A 2

12

B 4 CD
x? 4 E F G

h
A 4 H I (4)

$

one� easilyderives thesecond-ordererrorintroducedin replacing(2) with (3):
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(5)
$

The error thus introducedis of the sameorderas the one for the discretizationscheme
(see
$

[2, 4]). However, thediscreteLaplacianis only asecond-orderestimateof thediscrete
di
Y

vergenceof thegradient.Using the fractionalstepproceduredescribedabove (see[10,
11, 9]) thusleadsto a modifiedvelocity field in which numericalerrorsin thedivergence
are� significantlyhigherthanroundoff error.

The
%

consistentderivationof thepressure-likeequationgives

Z
2

'
h

! [ \ ]
h

! ^ u� _ ` (6)
$
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$

Using
8

a Hermitian compactexpressionone can derive a fourth-orderapproximationof
Eq.
�

(7),
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(9)
$

where� I stand� for theidentityoperator.
Note
�

thatthiscompactschemewasnotderived to increasetheaccuracy of thecontinuous
operator� approximationasis the casefor othercompactformulations[12–18]. Insteadit
is
�

derived to approximateto a higheraccuracy theconservative non-compactstencil.The
compact
 schemewepropose(9) isstill second-orderaccurate,but hasthesamesecond-order
beha
�

vior astheconservative sparsestencil(6). Theoverall accuracy of thediscretization
is thussecond-orderin spaceandfirst-orderin time, but the dilatationeffectsassociated
with� thenon-conservative treatmentof thepressurearereducedto afourthorder. Notethat
this
�

approachalsosharessomesimilarity with what is referedto as“improving theorder
of� approximation”in theSupportOperatorformalism[19].

2.2. Three-Dimensions Generalization

The
%

ideaof thepreviousparagraphcanbeadaptedto three-dimensionalproblems,though
this
�

is not straightforward.Theoriginalnon-compactformulationcanbewrittenas

� 2
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$

Note
�

thatthesecond-ordertermscannotbeeasilyexpressedin termsof º h
! » u� ¼ .
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2.2.1. Single
½

StepProcedure

Following the methodusedby SpotzandCarey [15] (but with a non-uniformgrid) a
compact
 fourth-orderapproximationto (10)canbederived in theform
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$

where� é
x� ê ë y£ ì í z¯ stand� for theh

A
-discretethreepoint Laplaceschemerespectively in the

x? î y¡ ,� andz directions.
Y

Notice that this expressionnot only involvesa modificationof the
right-handside(rhs),but alsoamodificationof theoperatorontheleft-handside(lhs),with
the

�
additionof extradiagonalterms.Thecorresponding19pointscomputationalï molecule

is displayedin Fig. 1c.

2.2.2.
ð

T
ñ
wo StepProcedure

The
%

previous approachcorrespondsto a direct adaptationof the one-dimensionalidea
to
�

the three-dimensionalcase.It achieves fourth-orderaccuracy, but only at the costof a
modificationò of thelhsitself for thetreatmentof crossderivatives.In twospatialdimensions
this

�
would only increasethe stencil from five to nine points. In threespacedimensions

however this increaseis muchmoreimportantasthestandardseven-pointsstencilhasto
be

�
modifiedto a nineteen-pointsmolecule.This significantlyincreasesthecomputational

time
�

required.It wasfound(seeSubsection3.1)thatthenumberof iterationsto resolvethis
problem� with aCGSTAB algorithm[20] isaboutthreetimesthatrequiredbythenine-points
scheme.�

W
	

e proposehereanalternative two-stepapproachthatallows fourth-orderaccuracy at
twice

�
thecomputationalcostof thesecond-orderinterpolatedscheme.Equation(10) can

be
�

approximatedwith fourth-orderaccuracy usinga two-stepprocedure.Thefirst stepis a
second� orderapproximationto thesecond-ordertruncationtermswrittenas

ó
h
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$

T
%
echnically, evaluationof therhsof (12) involveshigherorderderivativesof

�
h

! � u� � which�
implicateslargerstencils(five-pointstencilsin 1D).

A
�

secondstepuses� as� acorrectionterm:

�
h

! � 	 

h

! � u� �  1

4
� � � (13)

$

Note
�

that � scales� as � � hA 2
' �

and� that(13) is thusconsistentwith (2).
The
%

pressurethusdefinedsatisfies(2) to thefourth-order(aswith thepreviousmethod)
and� thecomputationalcostis exactly twice thecostof thesecondorderschemeaseachof
the
�

stepsrequirestheresolutionof a seven-pointscompactLaplaceoperator(of the form
displayed
Y

in Fig. 1b).
Though
%

thelhs stencilsaresimpleandcompact,therhsof thefirst stepinvolvesa non-
compact
 stencil.However, this doesnot increasethenumericalcostasthis termdoesnot
need� to beinverted.
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3.
�

NUMERICAL EXAMPLES

3.1.
e

One-Dimensional
�

Function

Though
%

incompressibleflow in onedimensionof spaceis a ratherlimited notion, we
w� ant to testtheability of theschemeon a simpleproblem.Let usassumea velocity field
u� � of� theform

u� � � sin� � 4� �
x? � � x? � [0 � 1]  (14)

$
Applicationof theproceduredescribedin Subsection2.1to thisone-dimensionalfunction
should� obviously leadto

u� ! u� " # $
h

! % & 0
' (

(15)
$

Thecompactfourth-orderschemeusedhere(9) is definedimplicitly as
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W
	

e reportin TableI theerrors(definedasthemaximumof theabsolutevalueof G h
! H u� )

I
with� varyingdiscretizations,solutionsarerepresentedin Fig. 2. Theordersof thevarious
schemes� arevindicated.

It shouldbenotedthat,in onedimension,thecompactschemeonly requiresanadditional
multiplicationò by a tridiagonalmatrix on therhs(ascomparedwith thecompactaveraged
scheme).� Thecomputationalcostof thecompactequivalentschemeis thusvery similar to
that
�

of thecompactaveragedapproach.

3.2.
e

Thr
ñ

ee-DimensionalFlow

W
	

ehaveconstructedacodefor thepurposeof studyingthree-dimensionalrapidlyrotating
magnetohydrodynamicbuoyancy-driventurbulence.It isknown[24] thatbuoyancy-affected
flo
J

ws requirea fine pressure-velocity coupling.Furthermore,in thephysicalproblemthat
motivatedthis work, we expect from previous studies[21] plate-like shearzones.It is
important
�

to computegradientsin theseregionsaccurately. This motivatedthe choiceof

TABLE I

Errors (Maximum of the Absolute Value) in the Numerical

Divergence with Varying Grid Sizes (N
K

)

N
L

C.A. C.E.

20 1.12 0.11
40

M
0.30 7.4 N 10O 3

80 7.70P 10Q 2 4.74
M R

10S 4

160 1.93T 10U 2 2.98V 10W 5

320 4.84X 10Y 3 1.86Z 10[ 6

Note
L

. Asexpected,thecompactaveragedscheme’serror(C.A.) evolves
as1\ N

L 2, while thefourth-ordercompactequivalentscheme’s error(C.E.)
evolves as 1] N

L 4. The solution derived using the sparsenon-compact
schemeis of theorderof thenumericalzero(about10̂ 13).
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FIG.
6

2. Startingwith avelocityfield u_ ` , whichdoesnotsatisfythecontinuitycondition,wewantto compute
the

a
velocity field u by

b
subtractingthegradientof a pseudo-pressure.This is doneby solvinga discretePoisson

equation,usingfor u1 the
a

naturalexpressionc 2h (accuratebut leadingtooscillations);for u2 the
a

compactaveraged
schemed h; for u3 the

a
fourth-ordercompactequivalentof e 2h. Errorswhenvaryingthediscretizationarereported

in TableI.

colocated
 variablesthoughthegeometryis rathersimple.In awork in preparation,we test
adaptations� of theENO scheme[22, 23] for advective transporton incompressibleflows.
This also motivatedthe developmentof the presentequivalent schemefor the pressure
gradient.

W
	

eusehereourcodewith nomagneticfieldandnorotationandwestudyasimplelaminar
b
�
uoyancy-driven flow of aBoussinesqfluid in a fully periodicdomain.Time integrationis

performed� usingtheoptimalsecond-orderTVD (totalvariationdiminishing)Runge–Kutta
methodò [23] (seealso[11]). Wereportheresomeresultsobtainedwith theabovedescribed
scheme.�

Figure
f

3displaysthetimeevolutionof thedivergenceaftereachfull timestep.Thesingle
step� compactequivalentapproachis found to give accurateresultsin threedimensions.
The
%

singlestepprocedureleadswith a 50 g 50
h i

25
ð

grid to a decreaseof theerror in the
numericaldivergenceof acoefficientabout14.Thismethodledto asignificantincreaseof
the

�
requiredCPUtime (abouta factorthreewith thecompactaveragedscheme).Thetwo-

step� algorithmis foundtogiveslightlybetterandmoreregularresults(probablybecausewe
achie� veabetterresolutionof theseven-pointstencilwith our iterativesolver).As expected
it requirestwice thecomputationaltime of thecompactaveragedmethod,althoughit was
found

j
numericallythat k does

Y
not needto be computedwith asgreatan accuracy as l .

Relaxingthe precisionconstrainton m we� were able to obtain a fourth-orderaccurate
solution� with only 50%moretime thanthesecond-orderaveragedcomputation.

4. CONCLUSION

W
	

eintroducedacompactfourth-orderequivalentof thepressureequationfor thediscrete
resolutionn of the incompressibleNavier–Stokes equation.This approachsuppressesthe
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FIG.
6

3. T
o

ime evolution of thenumericaldivergencein three-dimensionalsimulationsof a buoyancy driven
convectiveflow (resolutionis 50 p 50 q 25r . Thecomputationstartswith aflow computedusingtheC.A. method.
Inte

s
grationwith theC.A.methodgivesthesolidlinecurve.Introductionof themassmatrixof thesinglestepfourth-

ordercompactequivalentschemeimproves thesolutiona little, thoughtheoverall accuracy is still secondorder
(dashedcurve). Modification of the operatorto obtainfourth-orderaccuracy requiresa strongercomputational
effort but yieldsmuchbetterresults(boldcurve).Finally thetwo-stepmethod(dashedbold)givesasgood(if not
better)

b
resultsfor a lower computationaleffort. Noneof thesesimulationsis oscillatingbecauseof thecompact

naturet of theoperatorsused.

spatial� odd–even decouplingof thepressurefield without addinga second-orderdamping
term
�

(aswaspreviouslythecase).Thissignificantlyreducestheresidualerrorsin thediscrete
continuity
 equation.

Three-dimensionalsimulationshave beenperformedandthis approachhasbeenshown
to
�

givesatisfactoryresultsata reasonablecomputationalcost(usinga two-stepalgorithm)
for thefully periodicbuoyancy driven flow thatmotivatedthis study.

Further
f

importantissuesremainto beaddressedabouttheschemeintroducedhere,such
as� thetreatmentof boundaryconditions(e.g.,see[25]) aswell asthegeneralizationof this
technique
�

to unstructuredgrids.
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