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1 Introduction

In this paper we explore several connections between Voiculescu’s free entropy [1,2] and random
matrices. After recalling some results due to Bakry, Emery and Ledoux in Section 2, we use the
logarithmic Sobolev inequality for Gibbs measures on matrix spaces, with a uniformly convex
potential in order to generalize an inequality of Voiculescu between the free entropy and the
free Fisher information of probability measures on the real line. We use again logarithmic
Sobolev inequalities through the Bakrnymery criterion, this time on unitary groups, and
its applications to concentration inequalities, in order to construct non-commutative random
variables with prescribed conjugate variables. Finally in the last section we compute the second
derivative of the free entropy functional on the trace state space, at some point with finite Fisher
information, which we identify with a Dirichlet form on the L? space of the trace state. Then
we give a characterization of semi-circular systems by a Poincaré inequality for this Dirichlet

form.

2 Logarithmic Sobolev Inequalities and Concentration of Measure

If v is a probability measure and f a positive measurable function on R, let

Entu(f)=/Rf10gfdu—/Rfdulog (/Rfdu).
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2 Biane P.

Theorem 2.1  Let V be a convex function on R™ with V" > ¢1d, and let p(dz) = %e’v(w)dw

be a probability measure. Then one has, for every function f on R™,
Ent,(f?) < /|Vf )| pu(dz).

For a proof see Section 2.2 of [3].
In the following (M, g) is a compact Riemannian manifold, with Riemannian measure dz,
while Ric is its Ricci curvature, and p(dz) = %e’v(@dm is a probability measure with V' a

smooth function whose Hessian we denote by Hess(V).

Theorem 2.2 Assume that Ric + Hess(V') > cg for some positive constant c. Then the
following logarithmic Sobolev inequality holds for any smooth function f on M,

But,(2) < 7 [ [V5(e)Putde).

This follows from the Bakry-Emery I'y criterion, see [4]. The next result is a consequence
of Theorem 2.2 and Corollary 2.6, Section 2.3 of [3].

Theorem 2.3  In the situation of Theorem 2.2, for every function F with ||VF|s < 1 one
has W(F' > E, (F) +r) < e=er’/4,

3 Some Free Logarithmic Sobolev Inequalities

The purpose of this section is to establish a generalization of Voiculescu’s inequality between
free Fisher information and free entropy for measures on the real line, proved in [2]. The main
result is Theorem 3.1 below.

Let 1 be a probability measure on R with a density p € L3(R) and let

Hp(z) = lim Q/R %p(y)d%

e—0

where the limit exists in L3(R). Then the free Fisher information of the measure y is
B() = [ (Hp) (o)
and its free entropy is
= [ [ ozle = slutdn)n(ay) + 7 + 5 lox(2m).

see [2], where the following inequality is shown to hold between these two quantities:

x(p) = %IOg (;ET:)) (3.1)

One can recast this inequality by using the semi-circular distribution o(dx) = %\/4 —x2dx

n [—2,+2]. Recall that o is the unique distribution, among probability measures on R, which

maximizes the quantity
1
£ =x(w) — 5 [ a* utdo).
R
Let us introduce the following modified quantities:

2(0) = £(0) = £n) = x(0) = 5 [ aPo(da) = x()+ 5 [ @l (32)
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and

10 = [ (Hpla) = 2)utdn) = 0 + [ autdo) (o)~ [ otdn). (33

R

It is shown in [5] that the inequality (3.1) can be recast in the equivalent form

1
E(p) < 51p)  forall p

and in this form it has been used in [6]. We shall generalize the quantities (3.2) and (3.3)
replacing the semi-circular distribution by measures coming from a convex potential. Let V' be

a C' function on R, and define

Ev(v) = / /R log |z — ylv(dz)v(dy) — /R V(2)v(dz).

Let vy be the unique probability measure on R, which maximizes the functional &y (v). As soon
as V has a sufficient growth rate at infinity, this measure exists and it has compact support

and a density ¢ which satisfies
Hq(x) =V'(x) for all z in the support of vy . (3.4)
Furthermore there exists a constant C such that for all x € R one has

/ log |z — ylvy (dy) < V(z) +C
R

with equality for = in the support of vy, see [7] for a discussion of these results.

Such measures appear in a random matrix theory through the following computation. Let
Hp be the space of N x N Hermitian matrices with the Euclidean structure given by (A, B) =
Tr(AB), and the associated Lebesgue measure dM. Consider the probability measure

L nmvan) gy (wichN(V): / e—NTf(WM))dM)
Zn(V) Hy

on Hpy. Then for any bounded continuous function G one has
1 / 1 —NTr(V(M
— —Tr(G(M))e NV grf — oo | G(2)vy (dx). (3.5)
INV) Juy N R
Furthermore one has

. 1
A}Enoo N2 log Zn (V) = Ev(vy), (3.6)

see [8, Chapter 6]. In particular, the semi-circular distribution corresponds to the function
V(x) = 2?/2 and the matrix model result is known as Wigner’s theorem. Let y be a measure

with finite free Fisher information, and define the following quantities:
Sy () = Ev () = Ev (), Tv(1) = [ (Hp(e) = V'(2) *p(do).
Since vy is a maximum, one has iv(,u) > 0 for all u, with equality only for u = v.
Theorem 3.1  Suppose that V"' > ¢ > 0. Then for every measure p with Iy () < oo one has

Sy () < 2Ty (p). (37)

Proof Let p be a probability measure with compact support included in [—A,+A] with a
smooth density p, and let

L(z) = /Rlog\x—ylu(dy)
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Let F be a C! function such that F > L, F = L on [—A,+A] and F(z) = V(z) for |z| large
enough. Note that L(xz) = O(log |z|) as x — oo, while V has at least quadratic growth, so that
there exists such an F'. Then the quantity £p(u) attains its maximum at the unique point u

and one has, for all bounded continous functions G,

L = r e~ NTe(F(M)) - Dl
o) fy, W ICONE T Aty [ Glapta), (38)

see [8, Chapter 6]. The function W (M) = Tr(V(M)) is convex on Hy and satisfies W > ¢Id,

we can therefore apply Theorem 1.1 to the probability measure

exp{—NTe(V(M))}dM

1
Zn(V)
and to the function
fAH(M) = exp {=NTr(F(M) — V(M))}.

Note that
VI) = =5 (F0) - Ve { - S TP - VOD)|
and
15002 = 2P 00) - V()2 exp (-NTo(F) - V(1))
We get

2 N / ! _
= W/HN T (F/ (M) = V' (M))e” VIO dpL.

We multiply both sides of the inequality by Nfgi% and apply (3.5), using the fact that F—V
has compact support, and (3.4), (3.6) for the function F, to get (3.7). This gives the result for
measures with smooth densities. Measures p and v corresponding to more general V' and F' are
obtained by approximation.

Let us note the following corollary of Theorem 3.1:

Corollary 3.2 Let V be a convex potential. Then there is a unique measure 1 with a density

p satisfying Hp(x) = V' (x) for all x in the support of .

Indeed it follows from the hypothesis that Iy (@) = 0, so that by Theorem (3.1) one has
Ev(pn) = Ev(vv), and hence p = vy.

Note that there exist non-convex potentials such that the equation Hp;(z) = V'(x) on the
support of u; holds for distinct measures p; = p;(x)dx. The simplest example is a two-well
potential V satisfying V(z) = (z — a;)? in [a; — 2, a; + 2] for points a1, a with |a; — as| > 4,
then the semi-circular measures centered on a; and ag, respectively, satisfy Hp;(z) = V’(x) on

their respective supports.

4 Variables with Prescribed Conjugate Variables

4.1 Conjugate variables
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Denote by C,,y = C(Xy,...,X,) the free algebra on n generators, endowed with the antilinear
involution for which X7 = X;. Let 9; : Cy,y — Cy,y ® Cyyyy be the derivation such that
0j Xy = 0,1 ® 1 (where the bi-modular structure on C,) ® C, is given by a.(z ® y).b =
ar ® by). Let (A, 7) be a tracial noncommutative probability space, and Xi,...,X,, € A be
self-adjoint elements. The n-tuple (Xi,...,X,) admits a conjugate variable if there exists
(Ix1»---»Jx,) € L*(A, ) such that for all P € C(,y and j € {1,...,n} one has
7(JIx,P) =7 ®7(0;P),

see [2]. We want to prove the existence of a large set of n-tuples with prescribed conjugate
variables. We shall find it easier to deal with unitary operators instead of self-adjoint ones, so we
shall define a suitable notion of conjugate variables for unitary elements. Let C(F},) be the group
algebra of the free group with n generators g1, ..., g,, endowed with the antilinear involution
g5 = g[l. If (Uy,...,U,) are some unitary operators and P € C(F,), we call P(Uy,...,U,) the
result of the substitution of g; by U;. Introduce the left derivations 9; : C(F,,) — C(F,) @ C(F,)
satisfying

9i(1) =0; 0;(g;) =0i59: ®1
and

8igj_1 = —(Sij 1 ®gi_1-

We also define the cyclic gradient D; = m o o o 9;, where o is the flip automorphism of
C(F,) ® C(F,) and m : C(F,,) ® C(F,) — C(F,) the multiplication. We say that a family of
unitaries in some noncommutative probability space (A, 7) admits (J1,...,Jn) € L?(A,7) as

a conjugate variable if for all j and all P € C(F},) one has

T(J;P(Uy,...,Uy)) =7 @71(0;P(Un,...,Uy)).
For example, let Uy, ..., U, be n free Haar unitaries. Then they admit (0,...,0) as conjugate
variables. In fact it is easy to check that this is a characterization of n-tuples of free Haar
unitaries. We shall prove that there exists small deformations of these free n-tuples of Haar
unitaries, whose conjugate variables are prescribed cyclic gradients. Let us put the following
semi-norm on C(F},):

:%Zum%w

A weF,

E Ay W

weFy,

Theorem 4.1 Let P € C(F,) with P = P* and |P|la < 1. Then there exist a tracial non-
commutative probability space (M, T) and unitary elements (Uy,...,U,) € M with conjugate
variables (J1, - .., Jn) such that, for all j, one has

J; = D;P(Uy,...,U,).

Proof For N a positive integer, consider the compact semi-simple Lie group G = SU(N), with
its Killing metric k and normalized Haar measure dU. Its Lie algebra su(IN) consists of N x N
traceless antihermitian matrices, and the Killing form is given by k(4, B) = —2NTr(AB). The

group SU(N) is a Riemannian manifold with constant curvature, the Ricci curvature being
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equal to the Killing form k, see e.g. [9]. Let up denote the probability measure

1
dup(Uy,...,Uy,) = Ee_NTr(P(U““’U"))dUl ...dU,

on SU(N)"™. Denote by tr the normalized trace on My (C). Let R=>",5,®T; € My(C) ®
Mny(C) and A € My(C). Then we define R#A =5, S; AT;.
Using the invariance by right multiplication of the Haar measure on SU(N)™ we get, for
any @ € C(F,) and matrices A, B € su(N),
d

=— / tr [Q¥'B] e N TPy, .. dU,
dt\t:O SU(N)™

- / (tr [(0Q(U, ..., Un)#A)B)
SU(N)™

= N*tr[Q(Uy,...,Un) Bl tr [D;P(Us, ..., Un)Al)dpp(Us, . .., Un),

where Q%9 (resp. P%) denotes the substitution of Uje!4 for U; in Q(Un,...,U,) (resp.
P(Ui,...,U,)). Taking the sum over pairs A = B = A;, where A; runs through an orthonormal
basis of su(N), we obtain the identity

1
/S o 800 5 r D] dp (4.1)

_ / t[QD; P] - %tr Q] tr [D:P) dyup. (4.2)
SU(N)"

On SU(N)™ we consider the function
V(Uy,...,Uy) = NTe(Z(Uy, ..., Uy)),
where Z € F, is a word of length I. One has, for H = (Hy,..., H,) € su(N)",

n  Pij
Hess(V)(Uy,...,Un)(H, H) = > > NT(Vij HiWiji Hj),
i,j=1k=1

where V;jx, Wik are unitary operators and p;; < {?; therefore, by Holder’s inequality,

Hess(V)(Uy,...,Un)(H,H)| < = N> Tr(H}) = §k<”>(ﬂ, H),
i=1
k(™ being the Killing metric on SU(N)™. Replacing Z by some P € C(F,,) we get [Hess(V)| <
|Plakt™.
It follows that Theorems 2.2 and 2.3 apply on the manifold SU(N)", with ¢ =1 — || P||a,
as soon as ¢ > 0 (the Ricci tensor is again equal to k(™).
For any word R € C(F,) let F(Uy,...,U,) = tr(R(Uy,...,U,)) then one has

F'(Uy,...,Up).(Hy,... Hy) =Y te(D;R(U, ..., Un)Hy),
i=1
so that
1

VF(Ul,aUn):_W

(D1R(Ur,...,Uyn), ..., Dy R(Uy,...,Uy));

therefore ||[VF|| s < Q/_T”é Applying Theorem 2.3 one has therefore

wp(Jtr(R) — E,.. (tr(R))| > ) < 26,,«2]\]2/”[2.
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Denote 7y = pp ® tr on L>°(SU(N)™) ® My(C). Using the above concentration property of
the measures dup we see that for any Py, P, € C(F},) one has

/ tr @ tr(P, @ Py)dup = 7n(P1) @ Tn (P2) + 0(1) (4.3)
SU(N)»
as N — oo; therefore
/ tI‘®tI‘(6¢Q)dﬂp =TN ®TN(8ZQ) +0<1), (44)
SU(N)»

for any Q € C(F,). By the compactness of the space of states on C(F,,), we can extract a
convergent subsequence of the states 7,7, which yields a trace state 7 on C(F,). From (4.1) and
(4.4) we have, for all @ € C(F,),
™~ ®@ 78 (0;Q) = TN (QD; P) + o(1),
hence taking the convergent subsequence
TR 7(0;Q) = T(QD; P),
ie. (Uy,...,Uy) admit (D1 P,...,D,P) as conjugate variables in (C(F,)", ).

Finally we note that it is possible to use very similar arguments in order to construct
perturbations of semi-circular systems having prescribed conjugate variables of the form Jx, =
X, + D; U, where ¥ is in the algebra generated by f(X;); 7 =1,...,n, f € C*(R), and is
sufficiently small so that Tr(}- X7 + ¥(X1,..., X,,)) is a uniformly convex function on (Hy)"
and one can apply Theorem 2.1 and its concentration of measure consequences. We shall not

get into the details.

5 Poincaré Inequality and Semi-circular Systems

In this section we shall compute the Hessian of the free entropy, at a point where the free Fisher
information is finite, and show that it is the complete Dirichlet form associated with the free
gradient. Then we prove that semi-circular systems are characterized by a Poincaré inequality
with respect to this Dirichlet form.

We start with a finite-dimensional analogy. Let ®(z) = & >, ziloglz; — aj for @ =
(x1,...,2n5) € RV, Let us identify the tangent space at a point z € RY with the L? space of

the measure y, = + vazl 0z;. Then the gradient of the above function is

where
1

1
Ni#j Ti — Tj

Furthermore the second derivative of @ is
V' (2)(f.0) = 15 3 LI f((mm(g(xi) o)

zi — ;)

i#]
This is a positive quadratic form, which is positive definite on the space orthogonal to constants,
hence the function ® is convex outside the hyperplanes x; = x;, it is constant under translation
by multiples of (1,...,1), and its restrictions to the hyperplanes ) . x; = cste are strictly

convex. We observe that for each x, ®(z)(.,.) is a Dirichlet form on the L? space of fi,.
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We want to consider the “large N limit” of RY where each element of RY is identified with
the measure p,. It is natural to think of this space as the space of probability measures on
R, with a manifold structure which is not the usual linear structure coming from the convex
combinations of probability measures. Instead the manifold structure is the one induced from
the action of the diffeomorphism group of R on P(R). This makes this space into a highly
singular “infinite-dimensional manifold”. We shall not try to develop a theory of such manifold
structures, rather we shall only remark that we can tell what is a tangent vector at a point u:
this is a vector field on R, which is defined up to an addition of a vector field of p-divergence 0
(indeed the diffeomorphism group generated by a u-divergence 0 vector field leaves the measure
u invariant). So essentially this is a function on the support of p and it is natural to put on

such tangent vectors the Riemannian structure given by the L?(u1) inner product.

Consider now the space of trace states on the algebra C(Xj,...,X,,) of noncommutative
polynomials in n self-adjoint indeterminates, and think of this as a multidimensional, non-
commutative analogue of the manifold of probability measures on R. Again we can define the
action of an infinitesimal transformation of a trace state 7 by a polynomial change of variables
X; — X;+€eVi(Xq,..., X,) where V; are self-adjoint polynomials. Thus the tangent space at a
point 7 is the space of n-tuples of self-adjoint polynomials (V1, ..., V), modulo the 7-divergence
free polynomials. The condition of leaving 7 infinitesimally invariant (i.e. the 7-divergence 0

condition) is easily stated: If

0

Geog TP + V) =0,

for all polynomials P, then (Vi,...,V,,) is orthogonal to the space of cyclic gradients i.e.
n
> 7(ViDx,P) =0,
j=1

for all polynomials P. Here Dy, = m oo o dx, is the " component of the cyclic gradient.
Therefore we can identify the tangent space at 7 with the closure of the space of all cyclic

gradients in L2(7)". See [10] for more on these matters.

Let us now investigate in this formalism what is the gradient of the free entropy. Using the
change of variable formula (see Proposition 3.5 of [1], Section 1 of [11], Proposition 3.10 of [2])

for an n-tuple (X1,...,X,) with free Fisher information, one has

9 B
(X1 4 eVi, . X+ V) oo = —log |T|(X1 +€Va, ..o, Xn + Vi) oo
de | De |

:T®T<iaxi‘/i> = T(ijxivz)-
i=1 i=1

Therefore the gradient of the free entropy is the projection onto the space of cyclic gradients
of the vector (Jx,,...,Jx,), where Jx, = 0%, (1 ® 1) are the conjugate variables. The second
derivative can also be computed

X' (X1, X)) (VW) =) 7 @ 7(0x, Viox, W),

i,J
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ie. X =1d® Q on C" ® L?(7), where Q is the quadratic form

Qlg) = _110x,90132(r0r)-

j=1
Note that @, as the L?-norm of a derivation, is a Dirichlet form (see [12], and [13] for the
notion of a complete Dirichlet form), i.e. the associated Laplacian 0*0 generates a semi-group
of completely positive maps P, = e~ on L?(7).

Semi-circular systems are characterized by the maximization of the free entropy or mini-
mization of the free Fisher information with given variance, see [11], [14]. This is an analogue
of the well-known properties of Gaussian families in classical probability theory. I shall give
here a similar characterization, using the free Poincaré inequality, which also has a classical
analogue, see [15].

Let (A, 7) be a noncommutative probability space, and let Xi,...,X, € A be centered

elements, with covariance I,,. Then one can define on C,y the Hermitian quadratic form

n
Qx(P) =Y _l10x, P(X1,-- -, Xo)[F2(rr): (5.1)

i=1
If (X1,...,X,) have finite free Fisher information, then this yields a densely defined closable

complete Dirichlet form on L?(A, 7).

In the case of semi-circular systems, this quadratic form is given by the number operator
on the free Fock space, and it generates the free Ornstein—Uhlenbeck semi-group, see [16]. In
particular, its eigenvalues are 0, 1, 2, ..., the eigenvalue 0 being simple with associated eigenvector

1. We deduce from this the following Poincaré inequality for a semi-circular system:
Var(P(X1,...,X,)) < Qx(P) for all polynomials P € C,. (5.2)

Conversely we prove:

Theorem 5.1 Let Xq,..., X, be centered elements, with covariance I, , in some noncommuta-
tive probability space (A, 7). Let Qx be the associated quadratic form defined by (5.1), and

assume that (5.2) is satisfied. Then X is a semi-circular system.

Proof Let (Pp;n > 0) be the Tchebychev polynomials of the second kind, orthogonal with
respect to the semi-circle distribution. It is enough to check that

(P, (Xy,) ... P (X1,)) =0,
for all values of i1,...,4x > 1 and I; # ls # ... # l;. The assumptions on the covariance of
X1,..., X, imply that this equality holds for £k =1 and i; = 1 or 2. Assume by induction that
it is true for terms of total degree less than m, and let P;, (Xj,) ... P, (X)) be a term of degree

m + 1. Since
Xllpil—l(Xll) = P)il (Xh) + Pi1—2(X11)7

it is enough to check that
T(thil*l(Xll)PiQ (Xl2) s Plk (Xlk)) =0,
where we can assume that either £ > 2 or k =1 and i; > 3. Let

W= Pil—l(Xh) s Pik (Xlk)
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By the Poincaré inequality (5.2) one has, for all a € C,
Var(aX;, + W) = a?Var(X;,) + 2R(aCov(X;,, W)) + Var(W)
< Qx(aXy, +W)
< a*Qx(X1,) + 2R(aQx (X1, W)) + Q(W).
Since Qx (Xi,) = 1 = Var(Xj,) this inequality can hold for all a only if

Cov(X;,, W) =7(X;, W) = Q(Xy,, W).
Since Ox, X; = d;51 ® 1 one has Q(X;,,W) =7 ® 7(dx, W). A direct computation shows that

n—1
OxPp(X) = P ® Po_y1. (5.3)
k=0
Using the induction hypothesis we get 7®7(Jx, W) = 0; therefore 7(X;, W) = 0 and the proof
follows by induction.
Note that the above proof can be adapted to the classical case using the identity H] =
nH, _; for Hermite polynomials, instead of (5.3); this is somewhat simpler than the proof in
[15].
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